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MLP/Back-Prop Topics

® MLP feedforward (inference) equations
® Back-propagation derivation
® from scalar to the matrix-vector case
® General rules/conventions for matrix-vector calculus
® Universal Approximation
® Variations on back-prop and MLP training
® activations and their derivatives
® regularizers, optimizers (e.g.,adam) and momentum

® dropout, batch normalization
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MLPs

Forward propagation (inference and training)

al) = h(W;al"Y 1 b)) ® = {W; b}/, (trainable parameters)
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Backward propagation (training)

Learn the trainable parameters using SGD and the chain-rule



MLP Forward Prop Details

processing at the i-the neuron (node) at layer |

look familiar?
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MLP Backprop ldea

do SGD on all trainable parameters:

weight updates: wfl]) < wz(lj) — 776—(51)
(‘9wi,j

bias updates: b b — ,78_0

o
all layers, all indices: V1€ {1,2,...L},3,j

Backprop is an algorithm for computing these, starting at the neural network
output and propagating backward to the input layer using the chain rule
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MLP-Backprop: scalar example

Y

| S a C
w() +t A0 S N

this is to start
a s the back-prop

XT E? processing

v b

oC oC oC  0C 0s oC
want to compute: = —— — = = —
P w29 G dw s dw " 0s

oC o0Co0s 0oC

Note that: 95 _ 0s _ i

w Y 9b ~ Bsdb  Bs

oC
e and convert to the desired partials easily

using the chain rule

so we can find
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MLP-Backprop: scalar example

oc _ oC 0
Js  Oa Os
~ 0C Oh(s)
 Oa  Os

= C(a)h(s)

shorthand

e

C’(a) =5

_ dh(s)

h(s) 7

Y

|
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> —>




MLP-Backprop: scalar example

o! s a ¢ . a9+ 9.
_, w() + b =@—7D—v ds  Oa 0s g—g = C(a)h(s)a

- N
~ ~
« g } S

9C  9C da
~ 0C Oh(s) o0
- Oa 0Os AN
o i C'(a)h(s)
= C(a)h(s)
h(s) = o(s) =

w < w+na(l —a)ly —a)a

b<—b+na(l—a)ly—a)




MLP-Backprop: scalar example

oC

i this is to step
0s

through the hidden
layers

we know how to compute:

oC _oC0s _ o0
ow  Os Ow @ 0s
and how to convert to:

oc _aCos _oc
ob  O0s Ob  Os

now consider:

<O a®

l g(I+1) o +1)
-0+ W
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MLP-Backprop: scalar example

l g(+1) o (1)
w D (1) 4 D) J ».—»h(-)

Goal: get a recursion: oc , oC
Osl) Os(l+1)

O MO

— | A() .

From previous result:

ot — 95D 9+ — §gl+1)

oC oc os"tH) aCc
a

oc  oCc astH o C
ob+1) o Hs+1) opli+1) o Os(+1)
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MLP-Backprop: scalar example

s) aV l g(+1) L+
| h() {00+ 8000 W
Shorthand: 50 A oC
0s)
oC oC

0sh) — 9sli+1) NOPEPY(==)

oC
oc  9C 0sV  0C awmzzamaw4>
dw® — 950 ow® — 95O
oC oC os) oC 9¢ — 50
i b

ob0 ~ 9@ 9p® — 95O

w®  w® — psDa=1

b pD) — s
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MLP-Backprop: scalar example

l g(+1) o (1)
w D (1) 4 D) J ».—»h(-)

s _ 9C __9C 95y
~os) s+ 95

O MO

— | A() .

s o sU+1)

_ 50+D) 35(l(+)1) 3“5?
dall) sl
) i Shorthand:
_ SUAD) (1) ] (1)
w (s'*) e
_ h(s(l))w(l+1)5(l+1)
— (D, (1) 5(1+1) w® @ né(l)a(l‘”

b0 pD — s




MLP-Backprop: scalar example

L=3 example

s e s a! C
w® () + @ }7_> h(-) w® () + G }fﬂ () .
- C()
T C(a(3))
Y
| A() | B() 5 -(X)
a
ab a2
% %
51 T ‘ 52 T 50
w'? w®)

Note: you update the weights
and biases only after all the deltas
are computed
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b0 5D — s
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MLP-Backprop

now we just need to handle the vector case...

(let’s just repeat what we did)

E— W(.)_|_b >

Three Problems:

|. How to initialize the gradient of loss wrt lienar/pre activation s
2. How to update gradient wrt s one step backwards

3. How to convert gradient wrt s to gradients on weights and biases



s=Wa-+b

Suppose we know:

How to convert to:
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MLP-Backprop

now we just need to handle the vector case...

(let’s just repeat what we did)

’ S
) W() +b >
[ sp w0 wor wo2 | [ ao ] [ bo ]
$1 wig Wil W12 ai b1 Sp = (Z wnmam> + by,
| S9 wop W21 W2 as bo m
VSC — 5
this is “problem 3”
oC aC g

8wij abi =



MLP-Backprop

we’ll use this repeatedly...

OC (so(wo, w1), s1(wo,w1))  OC(so(wo,w), s1(wo,w1)) Iso

OC (s0(wo, w1), s1(wo, w1)) Os1
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MLP-Backprop

a w s
— . WO +b | .
S0 weo  Wol  Wo2 ap bo
s=Wa-+b s1 | = | wio w1 w2 ar | + | b1 Sp = E Wymam
| S | wop w21 woz | | a2 | [ Do m

Suppose we know: VsC' =29

oC 0C O0sm,

8wij —

8Sm 6wij

Sm = (Z wmnan> + by,

/

0Sm 0 m#1

= 4
awij aj  m =1
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MLP-Backprop: delta recursion

assume we know how to

VsC =0
compute:
S how t o oc  oC oC  oC
and how to convert to: Jwi; s ob;  0Os;
. . this is to step through the
now consider: hidden layers (problem 2)
s a0 st+1) all )
——| 1) { WD() b | - A0)
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MLP-Backprop: delta recursion

s a® s+

—{ h(") .[ WD () 4 plHD) } - h(")

Goal: get a recursion:

V.yC < Vi C

From previous result:

oc  0C
abEH—l) o 882(l+1)

(1)



MLP-Backprop: delta recursion

<) all)

oc  acC
9s) ~ 9sl+1)

oC _ 50
95

]

aC  astt (141)
_Z S0+ (z)

=) oty Osin’
- " 95tV

(cont. next slide)
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,{ WD (1) 4 b

Shorthand:

g(+1) o (1+1)
} | a0
V.yC 260
50 L sU+D)
oC _ 50, (-1)
ﬁwg) b
oC _ 50
ab(l) L

WO — WO _ pg {aa—nr

b® b _ sl
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MLP-Backprop: delta recursion

() a0 g(+1) q(+1)
—| h() »{ W(l+1)(.) e NGy } ~ h(")
&Sgl) =0
- 387(72“) 857(72“) c’?af,(f)
[+1 =
- 8(?51) 8;,:@ 381@ " 8&5,{) @SZ@
Z " @ assumes h(.) is component-
_ Z(s(H—l ) Osin dan” _ his;’) i=mn wise vector function
95D st 0 i #n i.e., vectorized version of h(.)
[+1 [+1
857(n+ ) 8s§rfr ) . (D
0 o0 )
S, a,
L (1
= wmih(s;”)
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MLP-Backprop: delta recursion

() a0 g(+1) q(+1)

. h() { W(H_l)(-)—kb(l—'_l)l . h()

= Z 5§é+1)wvgijl)h(3§l)) shorthand:

= (Z@g{bﬂ)w%l)) )  wwy |
\ m v1wW1

W(l—l—l))t 5<z+1)_ N vow=

41 UpD—1Wp-1

- t :
5 = (W(ZH)) s+ ©alh Hadamard product: .* in matlab or * for np.arrays
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MLP-Backprop: delta initialization

this is to start
the back-prop processing
(problem 1)

Assume additive costs across components (very common)
Ctot Y7 Z C ny CLZ

= Ci(yi, a;) 5 = Vo) Crot = Vg C

—C ( <L>) o h (S<L>)

e ( (L)) o al)
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MLP-Backprop: summary

a® = p (Wa)a(z—l) n b(l))
all = b (W(l)ai—l + bi)

50 = aD) o & (y, a(l))
s§O — 40 [(W(z+1))t5(z+1)]

t
w0 — WO _ 50 [aa—l)}

b) « p) — ps®)

specialized to vectorized output activation and additive cost
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MLP-Backprop: summary

a; = act(W;a;_1 + by) (activations)
a; = act(Wpa;_q1 + by) (derivative activations)
d;, = ay, ® cost(y,ar) (delta initialization)
6 =2, W 10,41] (delta recursion)
W, « W, —ndaj_, (weight SGD update)
b; < b; — né; (bias SGD update)

specialized to vectorized output activation and additive cost
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Using Batches

For each data sample: (x[n], y[n])
a;[n] = act(W;a;_1[n| + by) (activations)

Do FF and BP to o - . .
compute activations, a[n] = act(Wia;_1[n] + by) (derivative activations)
a-dots, and deltas d1.[n] = ap[n] ® cost(y[n],ar[n]) (delta initialization)

8i[n) = a[n] © Wy, 16141([n]] (delta recursion)
1 B—-1
Wi Wi S dilnlal_ [
Do one SGD update after n=0
finishing the batch
1 B—-1
bl — bl — UE nz_%&l[n]
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Effect of Regularizers

For typical weight-penalty regularizers (e.g., L1 and L2), these are direct
functions of the weights

Example: Crog =C+AY [WOPR=C+AY Y [nggr
z L i
OCle oC
TRPWOREACE
8wi,j 8"”@,;‘ ’

Minor change to gradient update:

WO W _ <5<z> a-Y) iy )\W<l)>

© Keith M. Chugg, 2020
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MLP-Backprop: Non-vectorized output activation

OCiot > oC daly

recall, assuming the activation is o5 = daly) oY)
a vectorized scalar function: | |
! = Ci(a;")(s")

i h(-) " i)_f ) = ¢ (a<L>) ©al

if this final output activation is not a vectorized scalar function:

OC%ot oC @a%) (L) Ta(L B Ohm (sE))
PRCIDSPROPNG N
oC Oh,, ( )) (denominator convention)
Z 6&%) L
s — A& (aw))
_ Z A L)
E?am
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MLP-Backprop: Non-vectorized output activation

Note: notation in Sourya’s notes:
5(l) _ a(l) o [(W(l+1))t5(l—|—1)] H/(L)T _ A(L)

VWD%WNM_”“DPWMT IfmT:dmng}

b1  b® — ps

similar change could be made if other layers had general activations
(not seen in practice)

© Keith M. Chugg, 2020 29



Vector Calculus

Always remember this is just the chain rule...

But it is tedious...
So there are various conventions of doing derivatives wrt
vectors and matrices

e.g., you have seen the Jacobian matrix dy/dx for change of
variables in multidimensional integration (e.g., in 503)

There are several conventions for keeping track of all the partial
derivatives and storing them in tables (vectors, matrices, tensors)

Sourya Dey (previous TA) has written a handout on the “numerator”
convention and also has a general development of BP using this
convention
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Compact Tensor/Matrix/Vector Calc. Notation

recall how we started with the vector version of BP...

oC

owy
oC

ow1

080
Owo

080
ow1

ds

VwC = —VC

dw
denominator convention with

left-handed chain rule

0s1
Owy

0s1

ow; |

3_0_80830+00831
Owg  OsgOwg  9s1 Owg this is |usF book-
oC _9C 95y OC 05y keeping
Owi  OspOw;  Osy Owy conve!’ntlon for
chain rule
This suggests a matrix form:
i 880 880 i
VwC]' = [V, C]F | 90 O
881 831
] 9C | Owg Owi |
O ds
t _ g S
ol VwC]' = [VsC]' =

numerator convention with right-
handed chain rule
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Vector Derivative Examples

https://en.wikipedia.org/wiki/Matrix_calculus

Condition

a is not a function of x

A is not a function of x

A is not a function of x

ais not a function of x,
u = u(x)

V= v(X), U=u(x)

A is not a function of x,

u = u(x)

u=u(x), v=v(x)

u = u(x)

u = u(x)

Identities: vector-by-vector 8_

Expression

ox
Og(u)
ox

Of(g(w)) | Of(g) Ig(w) du | ou dg(u) I(g)

ox

X

Numerator layout,
i.e. by y and xT

dg(u) du

Denominator
layout, i.e. by yT

and x
0
I
AT
A
aa_u
ox
ou Ov -
'Ua a—xu
ou
—— AT
ox
ov
ox
du 0g(u)
ox Ou

ou O0x

g Ou Ox Ox Ou Og

32
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Vector Derivative Derivation of BP (denominator convention)

s(L) (L) . _
—_— ﬁ() > 8S(L) 8a(L)
— AP ()

—all) o C;(a'™)  (vectorized scalar activation)

<) a0 g(I+1) o (+1)
—| h() { W(l“)(-)er(l“)} - A()
oC
) —
7= 550

oal) s+l HC
~ 95 9al) osi+D)

_ A {W(lﬂ)]té(lﬂ)

t
=al) @ [W(Hl)} 8+ (vectorized scalar activation)
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LMS vs BP-MLP...

When training an MLP, it is assumed that the target mapping is fixed

— i.e., the probability distributions are not a function of n

Pdata (Yn|Xn) ~ pmodel(y_n‘xn; @)

if you train a MLP using BP and these data statistics vary with
n (i.e., non-stationary) you will get junk!

this of the time-varying LMS example

Can a MLP be used in a non-stationary environment
— as a nonlinear adaptive filter?
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LMS vs BP-MLP...

|. Train an MLP using representative (stationary data)

2. Use on-line learning (batch-size |) to update the MLP with
new data as it becomes available

this could be done on just the last layer if the
representative model is good

In this way, an MLP can be used as a direct generalization
of the LMS adaptive filter
— an on-line (adaptive) non-linear regressor!
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MLP/Back-Prop Topics

Universal Approximation

Variations on back-prop and MLP training
® activations and their derivatives
® regularizers, optimizers (e.g.,adam) and momentum

® dropout, batch normalization
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