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Course Topics (from Syllabus)

• Course Introduction

• Estimation and Detection with Statistical Descriptions

• Regression (data fitting)

• Optimization with Steepest Descent

• Multi-Layer Perceptrons (Feedforward Neural Networks)

• Variations on SGD

• Working with Data

• Convolutional Neural Networks

• Recurrent Neural Networks

• Additional Topics (Reinforcement Learning, GANs, etc)

2



© Keith M. Chugg, 2020

Detection, Estimation, Regression
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MMSE Estimation

Linear/Affine MMSE Est.

FIR Wiener filtering

general regression

linear LS regression

stochastic gradient and batches

Bayesian decision theory

Hard decisions

soft decisions (APP)

Classification from data

linear classifier

logistic regression (perceptron)

ML/MAP parameter 
estimation

regularization

Karhunen-Loeve expansion

sufficient statistics

PCA

feature design

working with data

neural networks

for regression and classification

learning with SGD

GD, SGD, LMS

statistical models data driven 
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Key Ideas for Random Vectors
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• Nx1 random vectors — generalization of 2x1

• Complete statistical descriptions vs Second moment descriptions

• Direction preference (KL expansion)

• Gaussian processes and linear processing

• Linearity of the expectation operator

E {L(x(u))} = L(E {x(u)})

expectation commutes with any linear operation
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Random Vectors
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Complete 
statistical 

description

Second 
Moment 

Description

random vector

mean vector

correlation matrix

covariance matrix

x(u) =

2

6666664

x0(u)

x1(u)
...

xN�1(u)

3

7777775
(N ⇥ 1)

px(u)(x) = px0(u),x1(u),···xN�1(u)(x0, x1, · · ·xN�1) (pdf or cdf or pmf)

mx = E {x(u)}

Rx = E
�
x(u)xt(u)

 

[Rx]i,j = E {x(u, i)x(u, j)}

Kx = E
�
(x(u)�mx)(x(u)�mx)

t)
 

= Rx +mxmx
t

[Kx]i,j = cov [xi(u), xj(u)]

my = Hmx

Ry = HRxH
t

Ky = HKxH
t

y(u) = b
t
x(u) (1⇥ 1)

my = b
t
mx

E
�
y2(u)

 
= b

t
Rxb

�2
y = b

t
Kxb

x(u) =

2

6666664

x0(u)

x1(u)
...

xN�1(u)

3

7777775
(N ⇥ 1)

px(u)(x) = px0(u),x1(u),···xN�1(u)(x0, x1, · · ·xN�1) (pdf or cdf or pmf)

mx = E {x(u)}

Rx = E
�
x(u)xt(u)

 

[Rx]i,j = E {x(u, i)x(u, j)}

Kx = E
�
(x(u)�mx)(x(u)�mx)

t)
 

= Rx +mxmx
t

[Kx]i,j = cov [xi(u), xj(u)]

my = Hmx

Ry = HRxH
t

Ky = HKxH
t

y(u) = b
t
x(u) (1⇥ 1)

my = b
t
mx

E
�
y2(u)

 
= b

t
Rxb

�2
y = b

t
Kxb

1 Random Vectors Summary

x(u) =

2

6664

x0(u)

x1(u)

.

.

.

xN�1(u)

3

7775
(N ⇥ 1)

px(u)(x) = px0(u),x1(u),···xN�1(u)(x0, x1, · · ·xN�1) (pdf or cdf or pmf)

1.1 Second moment descriptions

E {L(x(u))} = L(E {x(u)})

mx = E {x(u)}

Rx = E
�
x(u)xt

(u)
 

[Rx]i,j = E {xi(u)xj(u)}

Kx = E
�
(x(u)�mx)(x(u)�mx)

t
)
 

= Rx �mxmx
t

[Kx]i,j = cov [xi(u), xj(u)]

my = Hmx

Ry = HRxH
t

Ky = HKxH
t

y(u) = btx(u) (1⇥ 1)

my = btmx

E
�
y
2
(u)

 
= btRxb

�
2
y = btKxb

Ry = E
�
y(u)yt

(u)
 

= E
�
(Hx(u))(Hx(u))t

 

= E
�
Hx(u)xt

(u)Ht
 

= HE
�
x(u)xt

(u)
 
Ht

= HRxH
t
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Random Vectors
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x(u) y(u) = Hx(u)
H

(n⇥ 1) (m⇥ 1)

(m⇥ n)

my = Hmx

Ry = HRxH
t

Ky = HKxH
t

Special case

y(u) = btx(u) (1⇥ 1)

my = btmx

E
�
y2(u)

 
= btRxb

�2
y = btKxb

Ry = E
�
y(u)yt(u)

 

= E
�
(Hx(u))(Hx(u))t

 

= E
�
Hx(u)xt(u)Ht

 

= HE
�
x(u)xt(u)

 
H

t

= HRxH
t

example math

Note that covariance/correlation matrices are symmetric, non-negative definite 
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KL-Expansion
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Can always find orthonormal set of e-vectors of K

These are an alternate coordinate systems (rotations, reflections)

in this eigen-coordinate system, the components are uncorrelated

The eigen-values are the variance (energy) in each of these principle directions

(principle components)

(can be used to reduce dimensions by throwing out components with low energy)
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KL-Expansion
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Always exists because K is nnd-symmetric

mx = E {x(u)}

Rx = E
�
x(u)xt(u)

 

[Rx]i,j = E {xi(u)xj(u)}

Kx = E
�
(x(u)�mx)(x(u)�mx)

t)
 

= Rx +mxmx
t

[Kx]i,j = cov [xi(u), xj(u)]

Kxek = �kek k = 0, 1, . . . N � 1 (Eigen equation)

etkel = �[k � l] �k � 0 (orthonormal e-vectors )

x(u) =
N�1X

k=0

Xk(u)ek (change of coordinates)

Xk(u) = etkx(u)

E {Xk(u)Xl(u)} = etkKxel = �k�[k � l] (uncorrelated components)

Kx =
N�1X

k=0

�keke
t
k = E⇤Et (Mercer’s Theorem)

E
�
kx(u)k2

 
= tr (Kx) =

N�1X

k=0

�k (Total Energy)
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KL-Expansion Examples
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KL-Expansion Examples
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generated with w(u) uniform
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Chebychev bound regions
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EE562a Elliptical Region Bound – Keith M. Chugg

Second Moment Bounds

The standard bounds from probability (i.e., Chebychev, Markov, and variations) can be used to
bound the probability that the random vector x(u) is outside some region of the plan. Direct
application leads to

Pr {kx(u)k � ✏} = Pr
�
kx(u)k2 � ✏2

 
(1)

 1

✏2
E
�
kx(u)k2

 
=

1

✏2
tr (Rx). (2)

We have used the simple fact that

E
�
kx(u)k2

 
= E

�
tr
�
x(u)x†(u)

� 
= tr

�
E
�
x(u)x†(u)

 �
= tr (Rx). (3)

This also leads directly to a centered version

Pr {kx(u)�mxk � ✏}  1

✏2
tr (Kx). (4)

If n = 2 and x(u) is real, the above relations bound the probability that x(u) is outside a circle of
radius ✏. A more “e�cient” bound may be obtained by taking into account the directional preference
of x(u). Specifically, assume that Kx is non-singular and has been factored into Kx = HH

†. Then
it makes sense to start the bound using the whitened version of x(u), namely w(u) = H

�1
x0(u),

which has no directional preference (i.e., Kw = I). For this white random vector the circular region
bound is intuitively reasonable

Pr
�
kw(u)k2 � ✏2

 
 1

✏2
tr (Kw) =

n

✏2
. (5)

Noting that

kw(u)k2 = (H�1
x0(u))

†
H

�1
x0(u) = x

†
0(u)H

�†
H

�1
x0(u) = x

†
0(u)K

�1
x x0(u), (6)

yields the final form of the “Elliptical Region Bound”

Pr
�
(x(u)�mx)†K

�1
x (x(u)�mx) � ✏2

 
 n

✏2
. (7)

As the name implies, this bounds the probability that x(u) is outside of an elliptical region of the
plane (i.e., for n = 2 and real x(u)). We will show this shortly, but first consider another use for
the bound – we can specify, with a lower bound on the probability, that x(u) is inside the elliptical
region.

Probability Regions

The standard Chebychev bound for random variables can be used to derive the “3–� rule-of-thumb.”
Specifically, for a real random variable z(u), the Chebychev bound is

Pr {|z(u)�mz| � ✏} = Pr
�
|z(u)�mz|2 � ✏2

 
 1

✏2
E
�
|z(u)�mz|2

 
=

�2
z

✏2
. (8)
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generated with w(u) exponential
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Chebychev bound regions
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EE562a Elliptical Region Bound – Keith M. Chugg

Second Moment Bounds

The standard bounds from probability (i.e., Chebychev, Markov, and variations) can be used to
bound the probability that the random vector x(u) is outside some region of the plan. Direct
application leads to

Pr {kx(u)k � ✏} = Pr
�
kx(u)k2 � ✏2

 
(1)

 1

✏2
E
�
kx(u)k2

 
=

1

✏2
tr (Rx). (2)

We have used the simple fact that

E
�
kx(u)k2

 
= E

�
tr
�
x(u)x†(u)

� 
= tr

�
E
�
x(u)x†(u)

 �
= tr (Rx). (3)

This also leads directly to a centered version

Pr {kx(u)�mxk � ✏}  1

✏2
tr (Kx). (4)

If n = 2 and x(u) is real, the above relations bound the probability that x(u) is outside a circle of
radius ✏. A more “e�cient” bound may be obtained by taking into account the directional preference
of x(u). Specifically, assume that Kx is non-singular and has been factored into Kx = HH

†. Then
it makes sense to start the bound using the whitened version of x(u), namely w(u) = H

�1
x0(u),

which has no directional preference (i.e., Kw = I). For this white random vector the circular region
bound is intuitively reasonable

Pr
�
kw(u)k2 � ✏2

 
 1

✏2
tr (Kw) =

n

✏2
. (5)

Noting that

kw(u)k2 = (H�1
x0(u))

†
H

�1
x0(u) = x

†
0(u)H

�†
H

�1
x0(u) = x

†
0(u)K

�1
x x0(u), (6)

yields the final form of the “Elliptical Region Bound”

Pr
�
(x(u)�mx)†K

�1
x (x(u)�mx) � ✏2

 
 n

✏2
. (7)

As the name implies, this bounds the probability that x(u) is outside of an elliptical region of the
plane (i.e., for n = 2 and real x(u)). We will show this shortly, but first consider another use for
the bound – we can specify, with a lower bound on the probability, that x(u) is inside the elliptical
region.

Probability Regions

The standard Chebychev bound for random variables can be used to derive the “3–� rule-of-thumb.”
Specifically, for a real random variable z(u), the Chebychev bound is

Pr {|z(u)�mz| � ✏} = Pr
�
|z(u)�mz|2 � ✏2

 
 1

✏2
E
�
|z(u)�mz|2

 
=

�2
z

✏2
. (8)
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Gaussian Random Vectors
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macOS plotter — source posted
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Gaussian Random Vectors
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any linear processing of Gaussians yields Gaussians

H
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

b
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x(u)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

n(u)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

y(u)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

if is Gaussian (x(u) and w(u) jointly-Gaussian), then:

is Gaussian

is Gaussian

is Gaussian

any subset of these random variables is also Gaussian

jointly-Gaussian is 
common in EE…
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with no constraint, this is the conditional expectation function

estimate y(u) from x(u)=x

Linear/Affine MMSE

fopt(x)

fopt(x) = my|x(x)

= E {y(u)|x(u) = x}

=

Z
ypy(u)|x(u)(y|x)dy

min
f(·)

E
�
ky(u)� f(x(u))k2

 

min
f(x)

E
�
ky(u)� f(x(u))k2
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Affine MMSE:

estimate y(u) from x(u)=x

Minimum Mean-Square Error Estimation (MMSE)

fopt(x)

fMMSE(x) = my|x(x)

= E {y(u)|x(u) = x}

=

Z
ypy(u)|x(u)(y|x)dy

min
f(·)

E
�
ky(u)� f(x(u))k2

 

min
f(x)=Fx+b

E
�
ky(u)� f(x(u))k2

 

min
F,b

E
�
ky(u)� [Fx(u) + b]k2

 

fopt(x) = my|x(x)

= E {y(u)|x(u) = x}

=

Z
ypy(u)|x(u)(y|x)dy

fopt(x)

fMMSE(x) = my|x(x)

= E {y(u)|x(u) = x}

=

Z
ypy(u)|x(u)(y|x)dy

min
f(·)

E
�
ky(u)� f(x(u))k2

 

min
f(x)=Fx+b

E
�
ky(u)� f(x(u))k2

 

min
F,b

E
�
ky(u)� [Fx(u) + b]k2

 

fopt(x) = my|x(x)

= E {y(u)|x(u) = x}

=

Z
ypy(u)|x(u)(y|x)dy

FAMMSE = KxyK
�1
x

bAMMSE = my � FAMMSEmx

ŷs = KxyK
�1
x (x�mx) +my

fopt(x)

fMMSE(x) = my|x(x)

= E {y(u)|x(u) = x}

=

Z
ypy(u)|x(u)(y|x)dy

min
f(·)

E
�
ky(u)� f(x(u))k2

 

min
f(x)=Fx+b

E
�
ky(u)� f(x(u))k2

 

min
F,b

E
�
ky(u)� [Fx(u) + b]k2

 

fopt(x) = my|x(x)

= E {y(u)|x(u) = x}

=

Z
ypy(u)|x(u)(y|x)dy

FAMMSE = KxyK
�1
x

bAMMSE = my � FAMMSEmx

ŷ = KyxK
�1
x (x�mx) +my

fopt(x)

fMMSE(x) = my|x(x)

= E {y(u)|x(u) = x}

=

Z
ypy(u)|x(u)(y|x)dy

min
f(·)

E
�
ky(u)� f(x(u))k2

 

min
f(x)=Fx+b

E
�
ky(u)� f(x(u))k2

 

min
F,b

E
�
ky(u)� [Fx(u) + b]k2

 

fopt(x) = my|x(x)

= E {y(u)|x(u) = x}

=

Z
ypy(u)|x(u)(y|x)dy

FAMMSE = KxyK
�1
x

bAMMSE = my � FAMMSEmx

ŷ = KyxK
�1
x (x�mx) +my

AMMSE = tr
�
Ky �KyxK

�1
x Kxy

�

fopt(x)

fMMSE(x) = my|x(x)

= E {y(u)|x(u) = x}

=

Z
ypy(u)|x(u)(y|x)dy

min
f(·)

E
�
ky(u)� f(x(u))k2

 

min
f(x)=Fx+b

E
�
ky(u)� f(x(u))k2

 

min
F,b

E
�
ky(u)� [Fx(u) + b]k2

 

fopt(x) = my|x(x)

= E {y(u)|x(u) = x}

=

Z
ypy(u)|x(u)(y|x)dy

FAMMSE = KxyK
�1
x

bAMMSE = my � FAMMSEmx

ŷ = KyxK
�1
x (x�mx) +my

AMMSE = tr
�
Ky �KyxK

�1
x Kxy

�

Kyx = E
�
(y(u)�my)(x(u)�mx)

t
 
= [Kxy]

t

“cross covariance matrix”

Linear MMSE:

notes: 
- affine often called linear…  same when means are zero
- Conditional Expectation better than Affine, better than Linear

min
f(x)=Fx

E
�
ky(u)� f(x(u))k2

 

min
F

E
�
ky(u)� Fx(u)k2

 

FAMMSE = RxyR
�1
x

ŷ = RyxR
�1
x x

LMMSE = tr
�
Ry �RyxR

�1
x Rxy

�

min
f(x)=Fx

E
�
ky(u)� f(x(u))k2

 

min
F

E
�
ky(u)� Fx(u)k2

 

FAMMSE = RxyR
�1
x

ŷ = RyxR
�1
x x

LMMSE = tr
�
Ry �RyxR

�1
x Rxy

�

FAMMSE = KyxK
�1
x

bAMMSE = my � FAMMSEmx

ŷ = KyxK
�1
x (x�mx) +my

AMMSE = tr
�
Ky �KyxK

�1
x Kxy

�

Kyx = E
�
(y(u)�my)(x(u)�mx)

t
 
= [Kxy]

tFLMMSE = RxyR
�1
x

ŷ = RyxR
�1
x x

LMMSE = tr
�
Ry �RyxR

�1
x Rxy

�
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Proof for LMMSE

Proof:

E {L(x(u))} = L(E {x(u)})

h L(x) i = L(hx i)

WLLSE = R̂yxR̂
�1
x

ŷ = R̂yxR̂
�1
x x

R̂x =
⌦
xxt

↵
D

=
1

N

1X

n=0

xnx
t
n

R̂xy =
⌦
xyt

↵
D

=
1

N

1X

n=0

xny
t
n

LLSE =
⌦
ky �WLLSExk2

↵

=
⌦
kyk2 �

⌦
kWLLSExk2

↵ ↵
D

= tr
⇣
R̂y � R̂yxR̂

�1
x R̂xy

⌘

MSE(F) = E
�
ky(u)� Fx(u)k2

 

= E
�
k(y(u)� Foptx(u)) + (Fopt � F)x(u)k2

 

= E
�
k(y(u)� Foptx(u))k2

 
+ tr

�
(Fopt � F)Rx(Fopt � F)t

�

+ 2tr
�
(Ryx � FoptRx)(Fopt � F)t

�

vtw = tr
�
wvt

�

min
F

E
�
ky(u)� Fx(u)k2

 

E {L(x(u))} = L(E {x(u)})

h L(x) i = L(hx i)

WLLSE = R̂yxR̂
�1
x

ŷ = R̂yxR̂
�1
x x

R̂x =
⌦
xxt

↵
D

=
1

N

1X

n=0

xnx
t
n

R̂xy =
⌦
xyt

↵
D

=
1

N

1X

n=0

xny
t
n

LLSE =
⌦
ky �WLLSExk2

↵

=
⌦
kyk2 �

⌦
kWLLSExk2

↵ ↵
D

= tr
⇣
R̂y � R̂yxR̂

�1
x R̂xy

⌘

MSE(F) = E
�
ky(u)� Fx(u)k2

 

= E
�
k(y(u)� Foptx(u)) + (Fopt � F)x(u)k2

 

= E
�
k(y(u)� Foptx(u))k2

 
+ tr

�
(Fopt � F)Rx(Fopt � F)t

�

+ 2tr
�
(Ryx � FoptRx)(Fopt � F)t

�

vtw = tr
�
wvt

�

min
F

E
�
ky(u)� Fx(u)k2

 

E {L(x(u))} = L(E {x(u)})

h L(x) i = L(hx i)

WLLSE = R̂yxR̂
�1
x

ŷ = R̂yxR̂
�1
x x

R̂x =
⌦
xxt

↵
D

=
1

N

1X

n=0

xnx
t
n

R̂xy =
⌦
xyt

↵
D

=
1

N

1X

n=0

xny
t
n

LLSE =
⌦
ky �WLLSExk2

↵

=
⌦
kyk2 �

⌦
kWLLSExk2

↵ ↵
D

= tr
⇣
R̂y � R̂yxR̂

�1
x R̂xy

⌘

MSE(F) = E
�
ky(u)� Fx(u)k2

 

= E
�
k(y(u)� Foptx(u)) + (Fopt � F)x(u)k2

 

= E
�
k(y(u)� Foptx(u))k2

 
+ tr

�
(Fopt � F)Rx(Fopt � F)t

�

+ 2tr
�
(Ryx � FoptRx)(Fopt � F)t

�

vtw = tr
�
wvt

�

min
F

E
�
ky(u)� Fx(u)k2

 

use:

E {L(x(u))} = L(E {x(u)})

h L(x) i = L(hx i)

WLLSE = R̂yxR̂
�1
x

ŷ = R̂yxR̂
�1
x x

R̂x =
⌦
xxt

↵
D

=
1

N

1X

n=0

xnx
t
n

R̂xy =
⌦
xyt

↵
D

=
1

N

1X

n=0

xny
t
n

LLSE =
⌦
ky �WLLSExk2

↵

=
⌦
kyk2 �

⌦
kWLLSExk2

↵ ↵
D

= tr
⇣
R̂y � R̂yxR̂

�1
x R̂xy

⌘

MSE(F) = E
�
ky(u)� Fx(u)k2

 

= E
�
k(y(u)� Foptx(u)) + (Fopt � F)x(u)k2

 

= E
�
k(y(u)� Foptx(u))k2

 
+ tr

�
(Fopt � F)Rx(Fopt � F)t

�

+ 2tr
�
(Ryx � FoptRx)(Fopt � F)t

�

FoptRx = Ryx

vtw = tr
�
wvt

�

min
F

E
�
ky(u)� Fx(u)k2

 

if: then:

(Wiener-Hopf eq.)
(aka Orthogonality Principle)

foo

E {L(x(u))} = L(E {x(u)})

h L(x) i = L(hx i)

MSE(F) = E
�
ky(u)� Fx(u)k2

 

= E
�
k(y(u)� Foptx(u)) + (Fopt � F)x(u)k2

 

= E
�
k(y(u)� Foptx(u))k2

 
+ tr

�
(Fopt � F)Rx(Fopt � F)t

�

+ 2tr
�
(Ryx � FoptRx)(Fopt � F)t

�

FoptRx = Ryx

MSE(F) = E
�
k(y(u)� Foptx(u))k2

 
+ 2 tr

�
(Fopt � F)Rx(Fopt � F)t

�
| {z }

�0 8 F, since Rx is nnd

FoptRx = Ryx

E
�
ky(u)� ŷ(u)k2

 
= E

�
ky(u)k2

 
� E

�
kŷ(u)k2

 

= tr
�
Ry �RyxR

�1
x Rxy

�

vtw = tr
�
wvt

�

min
F

E
�
ky(u)� Fx(u)k2

 

because of orthogonality principle
yyy
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MSE(F) = E
�
ky(u)� Fx(u)k2

 

= E
�
k(y(u)� Foptx(u)) + (Fopt � F)x(u)k2

 

= E
�
k(y(u)� Foptx(u))k2

 
+ tr

�
(Fopt � F)Rx(Fopt � F)t

�

+ 2tr
�
(Ryx � FoptRx)(Fopt � F)t

�

FoptRx = Ryx

MSE(F) = E
�
k(y(u)� Foptx(u))k2

 
+ tr

�
(Fopt � F)Rx(Fopt � F)t

�
| {z }

�0 8 F, since Rx is nnd

FoptRx = Ryx

E
�
ky(u)� ŷ(u)k2

 
= E

�
ky(u)k2

 
� E

�
kŷ(u)k2

 

= tr
�
Ry �RyxR

�1
x Rxy

�
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Conditional Gaussian pdf:

MMSE Estimation: special case jointly-Gaussian

estimate y(u) from x(u)=x

ŷ = f tx

f = R�1
x r

r = Rxy = E {x(u)y(u)} = [E
�
y(u)xt(u)

 
]t

LMMSE = �2
y � rtR�1

x r

py(u)|x(u)(y|x) =
px(u),y(u)(x,y)

px(u)(x)

=

NM+N

0

@

2

4 x

y

3

5 ;

2

4 mx

my

3

5 ;

2

4 Kx Kxy

Kyx Ky

3

5

1

A

NN (x;mx;Kx)

= NM

0

@y;my +KyxK
�1
x (x�mx)| {z }

the AMMSE estimator

;Ky �KyxK
�1
x Kxy| {z }

the error covariance

1

A

jointly-Gaussian is 
common in EE…

don’t need ML or 
deep learning in 

this case!

For jointly-Gaussian observation and desired, E{Y|x} is the Affine MMSE estimator
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Affine MMSE:

estimate y(u) from x(u)=x

LMMSE Special Case: scalars

min
f(x)=Fx

E
�
ky(u)� f(x(u))k2

 

min
F

E
�
ky(u)� Fx(u)k2

 

FAMMSE = RxyR
�1
x

ŷ = RyxR
�1
x x

LMMSE = tr
�
Ry �RyxR

�1
x Rxy

�

ŷ =
cov[y(u), x(u)]

�2
x

(x�mx) +my

= ⇢xy
�y
�x

(x�mx) +my

AMMSE = �2
y(1� ⇢2xy)

min
f(x)=Fx

E
�
ky(u)� f(x(u))k2

 

min
F

E
�
ky(u)� Fx(u)k2

 

FAMMSE = RxyR
�1
x

ŷ = RyxR
�1
x x

LMMSE = tr
�
Ry �RyxR

�1
x Rxy

�

ŷ =
cov[y(u), x(u)]

�2
x

(x�mx) +my

= ⇢xy
�y
�x

(x�mx) +my

AMMSE = �2
y(1� ⇢2xy)
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Linear MMSE (typ. means are zero):

estimate y(u) from x(u)=x

LMMSE Special Case: scalar desired, vector observed

This is an important special case, so let’s develop it…

we will use gradients so that we arrive at stochastic gradient and LMS

ŷ = wtx

w = Ft = R�1
x rxy

rxy = Rxy = E {x(u)y(u)} = [E
�
y(u)xt(u)

 
]t

LMMSE = �2
y � rtxyR

�1
x rxy
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Linear MMSE (typ. means are zero):

estimate y(u) from x(u)=x

LMMSE Special Case: scalar desired, vector observed

Let’s differentiate and seeks critical point:

this is a linear operation so…

ŷ = wtx

w = Ft = R�1
x r

r = Rxy = E {x(u)y(u)} = [E
�
y(u)xt(u)

 
]t

LMMSE = �2
y � rtR�1

x r

E(w) = E
n⇥

y(u)�wtx
⇤2o

= E
�
[y(u)]2 + f tx(u)xt(u)� 2y(u)wtx(u)

 

d

dw
E = rwE =

2

6666664

@E
@w0

@E
@w1

...

@E
@wN�1

3

7777775

rwE = rwE
�
[y(u)]2 +wtx(u)xt(u)w � 2y(u)wtx(u)

 

= E
�
rw[y(u)]

2 +rw
⇥
wtx(u)xt(u)w

⇤
� 2y(u)rw

⇥
wtx(u)

⇤ 

ŷ = wtx

w = Ft = R�1
x r

r = Rxy = E {x(u)y(u)} = [E
�
y(u)xt(u)

 
]t

LMMSE = �2
y � rtR�1

x r

E(w) = E
n⇥

y(u)�wtx
⇤2o

= E
�
[y(u)]2 +wtx(u)xt(u)w � 2y(u)wtx(u)

 

d

dw
E = rwE =

2

6666664

@E
@w0

@E
@w1

...

@E
@wN�1

3

7777775

rwE = rwE
�
[y(u)]2 +wtx(u)xt(u)w � 2y(u)wtx(u)

 

= E
�
rw[y(u)]

2 +rw
⇥
wtx(u)xt(u)w

⇤
� 2y(u)rw

⇥
wtx(u)

⇤ 

rw
⇥
wtAw

⇤
= (At +A)w

rw
⇥
wtb

⇤
= b

rwky �wtxk2 = 2wtxxtw � 2yw

FLMMSE = RxyR
�1
x

ŷ = RyxR
�1
x x

LMMSE = tr
�
Ry �RyxR

�1
x Rxy

�

rwE =

2

6666664

@E
@w0

@E
@w1

...

@E
@wN�1

3

7777775
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These are simple to verify

Some Vector Derivative Results

As we build up more of these relations, I will make a table to post on Piazza

rw
⇥
wtAw

⇤
= (At +A)w

rw
⇥
wtb

⇤
= b

rw(y �wtx)2 = 2(xxtw � xy)
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estimate y(u) from x(u)=x

LMMSE Special Case: scalar desired, vector observed

Let’s differentiate and seeks critical point:

This yields our solution 
(can verify global minimum)

FLMMSE = RxyR
�1
x

ŷ = RyxR
�1
x x

LMMSE = tr
�
Ry �RyxR

�1
x Rxy

�

E(w) = E
n⇥

y(u)�wtx(u)
⇤2o

= E
�
[y(u)]2 +wtx(u)xt(u)w � 2y(u)wtx(u)

 

rwE = 2
�
E
�
wx(u)xt

(u)� y(u)x(u)
 �

= 2(wtRx � rxy)

rwE = 0 () Rxw = rxy (Wiener-Hopf equation)

rwE = 2
�
E
�
wx(u)xt

(u)� y(u)x(u)
 �

= 2(wtRx � rxy)

rwE = 0 () Rxw = rxy (Wiener-Hopf equation)
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estimate y(u) from x(u)=x

Steepest Descent and LMS

Steepest descent using (ensemble average) gradient:

Single Point Stochastic Gradient Descent:

this is called “on-line learning”

when n ~ time, this is the Least Mean Square 
(LMS) adaptive filter

when n does not represent time, we can 
easily average the gradient over more data 
points for a better approximation (batches)

FLMMSE = RxyR
�1
x

ŷ = RyxR
�1
x x

LMMSE = tr
�
Ry �RyxR

�1
x Rxy

�

E(w) = E
n⇥

y(u)�wtx(u)
⇤2o

= E
�
[y(u)]2 +wtx(u)xt(u)w � 2y(u)wtx(u)

 

rwE = 2
�
E
�
wx(u)xt

(u)� y(u)x(u)
 �

= 2(wtRx � rxy)

rwE = 0 () Rxw = rxy (Wiener-Hopf equation)

ŵn+1 = ŵn � (⌘/2)rwE

= ŵn + ⌘(rxy �Rxŵn)

�1

2
rwE = rxy �Rxw

= E
�
y(u)x(u)� x(u)xt(u)w

 

⇡ ynxn � xnx
t
nw

= (yn � xt
nŵn)xn

ŵn+1 = ŵn + ⌘(yn � ŵt
nxn)xn
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LMS Algorithm as Adaptive FIR filter

(this is an on-line linear regressor)

Single Point Stochastic Gradient Descent:

D D D D

...

... v[n� L]

w0
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rwE = 2
�
E
�
x(u)xt

(u)w � y(u)x(u)
 �

= 2(Rxw � r)

rwE = 0 () Rxw = r (Wiener-Hopf equation)

ŵn+1 = ŵn � (⌘/2)rwE

= ŵn + ⌘(r�Rxŵn)

�1

2
rwE = r�Rxw

= E
�
y(u)x(u)� x(u)xt

(u)w
 

⇡ ynxn � xnx
t
nw

= (yn � xt
nŵn)xn

ŵn+1 = ŵn + ⌘(yn � ŵt
nxn)xn

ŷn =

L�1X

l=0

wlxn�l

= wtvn

w =

2

6664

w0

w1

.

.

.wL�1

3

7775

vn = xn
n�(L�1) =

2

6664

xn

xn�1

.

.

.xn�L+1

3

7775

rwE = 2
�
E
�
x(u)xt

(u)w � y(u)x(u)
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LMS Algorithm as Adaptive FIR filter

LMS algorithm:

c�K.M. Chugg - January 14, 2019– TITLE 2
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nvn)vn

c�K.M. Chugg - January 14, 2019– TITLE 2

ŵn+1 = ŵn + ⌘(yn � ŵt
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Rvn

E {y(i)vn(u)}

If and do not change with n,  

If these correlations vary with time, the LMS filter will adaptively track them
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LMS Experiment Example

data generated using:

eta = 0.05, SNR = 10 dB

averaged over 500 runsaveraged over 500 runssingle run

this is the ideal case as the 
model and data are matched

you have HW with mismatches
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= ŵn + ⌘(r�Rxŵn)
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nxn)xn
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LMS Experiment Example

data generated using:

larger learning rate means faster 
convergence but more misalignment 

(gradient noise)

even the optimal Wiener (LMMSE) filter will 
have higher MMSE when the SNR is lower
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LMS History/Example
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LMS History/Example

Widrow and Hoff,  Adaptive Linear Element (ADALINE)
(developed LMS for adaptive antenna array processing)

point a beam at the desired speaker and learn to cancel 
noise energy in other directions using LMS

ifixit.com

https://www.ifixit.com/Teardown/Amazon+Echo+Teardown/33953
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MMSE Summary

30

1. Estimation using statistical models

2. Best MMSE estimator (unconstrained) is conditional expectation

1.Requires complete statistical description of observed and desired — i.e., p(y|x) 

3. Linear/affine MMSE estimator have closed form equations

1.Require only the second moment description of observed and desired — i.e., 
means, correlations

4. For jointly Gaussian observed and desired,  2 & 3 are the same!

5. The LMS algorithm may be viewed as approximating the gradient of the LMMSE 
cost function by a single realization.  
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Regression Overview

31

• Regression is data fitting to a specific parameterized function class

• Linear regression 

• Same as LMMSE, but with data averages replacing expectation 
(ensemble averages)

• Linear least-squares

• Generalize on-line learning to full-batch and mini-batches

• Regularization (after decision theory)

• Logistic Regression (after decision theory)
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General Regression Problem

Given a data set: 

Empirical expectation (average over data):

hh(x,y) iS
�
=

1

|S|
X
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General regression problem:
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ŷ = g(x;⇥opt)

D = {(xn,yn)}N�1
n=0

x ~ regressor (observed)
y ~ target (desired)
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Least-Squares Regression Problem

Squared-error is a common cost function in (electrical) engineering

this corresponds to power or energy in many applications
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n=0
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0.1 Linear (and A�ne) LSE Regression

E {L(x(u))} = L(E {x(u)})

h L(x) i = L(hx i)
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Linear and Affine (LS) Regression

Linear regression problem:

Affine regression problem: (aka: Linear regression)
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Linear and Affine (LS) Regression Solution

Note that the data averaging operator has the same linearity property as 
the expectation operator

This means the solutions are the same as the MMSE 
solutions with the expectation replaces by data averaging

For example, Linear LS regression:
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Proof for LLSE Regression

Proof:
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↵
=
⌦
kyk2

↵
�
⌦
kŷk2
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Linear and Affine (LS) Regression Solution

This makes perfect intuitive sense:

if you did not know the second moments and wanted to do LMMSE estimation, 
you would estimate these correlations from data

in addition to optimality in the Gaussian case, linear MMSE estimation is extremely 
popular because it takes much less data to accurately estimate second 
moments than to do so for complete statistical descriptions (or higher moments)
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To Engineer is Human

there is no purely “model based” approach to any engineering

trial and error,
design - test - refine,

iterative design

big part of engineering

if you want to be a good 
engineer, you should be 

adventuresome and make lots 
mistakes to learn from

cannot really separate modeling/data or frequentist/Bayesian views
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Data, Experiments, and Models

there is no purely “model based” approach 
to any engineering problem

Section 1.1 Mathematical Models as Tools in Analysis and Design 3

Formulate
hypothesis

Define experiment to
test hypothesis

Physical
process/system

Model
Modify

Predictions

No

No

Sufficient
agreement?

All aspects
of interest

investigated?

Stop

Observations

FIGURE 1.1
The modeling process.

significant discrepancy, the model is then modified to account for it. The modeling
process continues until the investigator is satisfied that the behavior of all relevant as-
pects of the phenomenon can be predicted to within a desired accuracy. It should be
emphasized that the decision of when to stop the modeling process depends on the im-
mediate objectives of the investigator. Thus a model that is adequate for one applica-
tion may prove to be completely inadequate in another setting.

The predictions of a mathematical model should be treated as hypothetical until
the model has been validated through a comparison with experimental measure-
ments. A dilemma arises in a system design situation: The model cannot be validated
experimentally because the real system does not exist. Computer simulation models
play a useful role in this situation by presenting an alternative means of predicting sys-
tem behavior, and thus a means of checking the predictions made by a mathematical
model.A computer simulation model consists of a computer program that simulates or
mimics the dynamics of a system. Incorporated into the program are instructions that

[Leon-Garcia, Probability Statistics, and Random Processes for Engineers]

“All models are wrong, but some are useful”

George Box (paraphrased)

https://en.wikipedia.org/wiki/All_models_are_wrong
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Data Driven Version of this Design Process

data (and ML) evaluated via 
end-to-end performance

“all data are wrong, but some are useful”

much of the attention is here, but 
in practice, more iteration/time 

spent on data engineering

collect, augment, 
synthesis dataset

Machine Learning 
algorithm

works 
sufficiently 

well?

done

yes

no
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LLSE Regression: scalar on scalar special case

Linear regression problem:

Solution (special case):

approximate y from x
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ŷ =
r̂yx
r̂x

x

r̂x =
⌦
x2

↵
=

1

N

N�1X

n=0

x2n

r̂yx = h yx i = 1

N

N�1X

n=0

ynxn

LLSE =
⌦
[y � wLLSEx]

2
↵

=
⌦
y2

↵
�

⌦
[wLLSEx]

2
↵

= r̂y � r̂2yxr̂x

= �̂2
y(1� ⇢̂2)



© Keith M. Chugg, 2020 42

LLSE Regression: scalar on scalar special case

Linear regression problem:

Solution (special case):

approximate y from x
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this “stacked” approach yields the same as 
the < . > approach on the previous slides!!

y-hat stacked in a vector
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LLSE Regression: scalar on vector special case

Linear regression problem:

what about the “stacked” approach for this case??
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LLSE Regression: scalar on vector special case

Linear regression problem:

this is the same as <.> case, with all y-hat stacked in a vector

approximate y from x

normal equations
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ŷ = wtx

w = R̂
�1
x r̂xy

r̂xy = R̂xy = hxy i
LLSE = r̂2y � rtxyR

�1
x rxy

R̂xw = r̂xy

X =

2

6666664

xt
0

xt
1
...

xt
N�1

3

7777775
Xt =

h
x0 x1 · · · xN�1

i

wLLSE =
r̂yx
r̂x
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LLSE Regression: scalar on vector special case

Linear regression problem:

this is the same as <.> case, with all y-hat stacked in a vector

approximate y from x

normal equations
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“stacked” vs < . > approach

The stacked approach is used by all of the books I see…

for EE students with MMSE background, < . > makes it obvious 
what is going on in Linear LSE regression

maybe because they start from frequentist (data first) perspective

will show the general case (Projection Theorem), but first, what 
about using Gradient Descent??

also makes it simple to see the case when regression vector y on vector x
(this would require 3D tensors in stacked approach)
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Trick for Doing Affine with Linear Math

allows for compact notation while including the b (bias) term

min
w

⌦
(y �wtx)2

↵
() min

w

1

N

N�1X

n=0

(yn �wtx)2
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estimate y(u) from x(u)=x

Recall: Steepest Descent and LMS

Steepest descent using (ensemble average) gradient:

Single Point Stochastic Gradient Descent:

this is called “on-line learning”

when n ~ time, this is the Least Mean Square 
(LMS) adaptive filter

when n ~! time, we can easily average the 
gradient over more data points for a better 

approximation (batches)
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approximate y from x

LMS/Stochastic Gradient from LLSE Regression POV

Steepest descent using (data average) gradient:

Stochastic Gradient Descent with mini-batches:

SGD with mini-batch updating
(average the gradient over subset of data)
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mini-batch size 1 is on-line learning (LMS is an example)
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�1

2
rw

⌦
(y �wtx)2

↵
= r̂xy � R̂xw

=
⌦
xy � xxtw

↵
D

⇡
⌦
xy � xxtw

↵
Bn

=
1

|B|
X

(xn,yn)2Bn

(yn � xt
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ŵn+1 = ŵn + ⌘
1

|B|

2

4
X

(xn,yn)2Bn

(yn � xt
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A Word on the “Exact Gradient”

Model Based 
View

Data Driven 
View

approximate data 
average gradient

approximate data 
average gradient

(more noisy)

Theorem (HSPT): Let H be a Hilbert space, M be a closed subspace of H, and y 2 H. Then

there is a unique ŷ 2 M which is closest to y:

ky � ŷk < ky � yk 8 y 2 M, y 6= ŷ.

Furthermore, a necessary and su�cient condition for ŷ to be the closest point is that it satisfy the

Orthogonality Principle:

hy � ŷ,yi = 0 8 y 2 M.

A direct result of this orthogonality condition is

ky � ŷk2 = kek2 = kyk2 � kŷk2.

Here hx,yi denotes the inner product defined on H and kxk =

p
hx,xi is the associated norm (see

problem 1).
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exact (full-batch) 
gradient

Theorem (HSPT): Let H be a Hilbert space, M be a closed subspace of H, and y 2 H. Then

there is a unique ŷ 2 M which is closest to y:

ky � ŷk < ky � yk 8 y 2 M, y 6= ŷ.

Furthermore, a necessary and su�cient condition for ŷ to be the closest point is that it satisfy the

Orthogonality Principle:

hy � ŷ,yi = 0 8 y 2 M.

A direct result of this orthogonality condition is

ky � ŷk2 = kek2 = kyk2 � kŷk2.

Here hx,yi denotes the inner product defined on H and kxk =

p
hx,xi is the associated norm (see

problem 1).
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mini-batch gradient 
approximates full-batch 

(noisy)

Theorem (HSPT): Let H be a Hilbert space, M be a closed subspace of H, and y 2 H. Then

there is a unique ŷ 2 M which is closest to y:

ky � ŷk < ky � yk 8 y 2 M, y 6= ŷ.

Furthermore, a necessary and su�cient condition for ŷ to be the closest point is that it satisfy the

Orthogonality Principle:

hy � ŷ,yi = 0 8 y 2 M.

A direct result of this orthogonality condition is

ky � ŷk2 = kek2 = kyk2 � kŷk2.

Here hx,yi denotes the inner product defined on H and kxk =

p
hx,xi is the associated norm (see

problem 1).
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Exact gradient
hypothetical model for 

data (unreliable?)
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Hilbert Space Projection Theorem (advanced topic)

yyy
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This is why we see the same results so often — 
many spaces are Hilbert spaces

in machine learning, we also consider costs that are not squared error and are not 
in a Hilbert space (do not come from inner product)

in most cases, we use SGD regardless

Note: in all of the cases of gradient descent, the gradient is zero when the 
orthogonality principle holds (e.g., Wiener-Hopf, Normal Equations)
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Hilbert Space Projection Theorem (advanced topic)
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metric space
(measure distances)

linear space 
with norm
(Banach)

inner product space

linear space
(linear combinations)

Hilbert space

finite-dim IPS

<x,y> is inner product here

Theorem (HSPT): Let H be a Hilbert space, M be a closed subspace of H, and y 2 H. Then

there is a unique ŷ 2 M which is closest to y:

ky � ŷk < ky � ỹk 8 ỹ 2 M, y 6= ŷ.

Furthermore, a necessary and su�cient condition for ŷ to be the closest point is that it satisfy the

Orthogonality Principle:

hy � ŷ, ỹi = 0 8 ỹ 2 M.

A direct result of this orthogonality condition is

ky � ŷk2 = kek2 = kyk2 � kŷk2.

Here hx,yi denotes the inner product defined on H and kxk =

p
hx,xi is the associated norm.
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Detection, Estimation, Regression

53

MMSE Estimation

Linear/Affine MMSE Est.

FIR Wiener filtering

general regression

linear LS regression

stochastic gradient and batches

Bayesian decision theory

Hard decisions

soft decisions (APP)

Classification from data

linear classifier

logistic regression (perceptron)

ML/MAP parameter 
estimation

regularization

Karhunen-Loeve expansion

sufficient statistics

PCA

feature design

working with data

neural networks

for regression and classification

learning with SGD

GD, SGD, LMS

statistical models data driven 



© Keith M. Chugg, 2020

Decision/Detection Theory

54

• Bayesian Decision Theory

• Bayes decision rule

• MAP rule - minimum error probability rule

• Maximum Likelihood

• Likelihood, Negative-Log-Likelihood, Likelihood ratios

• Neyman-Pearson test and the ROC

• Detection and False Alarm trade off
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Decision Theory Framework (Statistical Model Based)

Goal: design a good decision rule using the statistical model

hypothesis 
(class) 
space

observation 
space

decision 
(action) 
space

p(Hm) = Pr {d(u) = m} = ⇡m a priori probability

pz(u)|d(u)(z(u)|m) = p(z(u)|Hm) = ⇡m likelihood (of Hm given z(u) = z)
p(Hm) = Pr {d(u) = m} = ⇡m a priori probability

pz(u)|d(u)(z(u)|m) = p(z(u)|Hm) = ⇡m likelihood (of Hm given z(u) = z)

p(Hm) = Pr {d(u) = m} = ⇡m a priori probability

pz(u)|d(u)(z|m) = p(z|Hm) likelihood (of Hm given z(u) = z)
p(Hm) = Pr {d(u) = m} = ⇡m a priori probability

pz(u)|d(u)(z|m) = p(z|Hm) likelihood (of Hm given z(u) = z)

p(Hm) = Pr {d(u) = m} = ⇡m a priori probability

pz(u)|d(u)(z|m) = p(z|Hm) likelihood (of Hm given z(u) = z)

r(Ai|z) decision rule

Ai :take action i, typically: “decide d̂ = m

p(Hm) = Pr {d(u) = m} = ⇡m a priori probability

pz(u)|d(u)(z|m) = p(z|Hm) likelihood (of Hm given z(u) = z)

r(Ai|z) decision rule

Ai : take action i, typically: “decide d̂ = m ”

p(Hm) = Pr {d(u) = m} = ⇡m a priori probability

pz(u)|d(u)(z|m) = p(z|Hm) likelihood (of Hm given z(u) = z)

r(Ai|z) decision rule

Ai : take action i, typically: “decide d̂ = m ”

p(Hm) = Pr {d(u) = m} = ⇡m a priori probability

pz(u)|d(u)(z|m) = p(z|Hm) likelihood (of Hm given z(u) = z)

r(Ai|z) decision rule

Ai : take action i, typically: “decide d̂ = m ”

Z0

Z1

Z2

Z3

p(Hm) = Pr {d(u) = m} = ⇡m a priori probability

pz(u)|d(u)(z|m) = p(z|Hm) likelihood (of Hm given z(u) = z)

r(Ai|z) decision rule

Ai : take action i, typically: “decide d̂ = m ”

Z0

Z1

Z2

Z3

p(Hm) = Pr {d(u) = m} = ⇡m a priori probability

pz(u)|d(u)(z|m) = p(z|Hm) likelihood (of Hm given z(u) = z)

r(Ai|z) decision rule

Ai : take action i, typically: “decide d̂ = m ”

Z0

Z1

Z2

Z3

p(Hm) = Pr {d(u) = m} = ⇡m a priori probability

pz(u)|d(u)(z|m) = p(z|Hm) likelihood (of Hm given z(u) = z)

r(Ai|z) decision rule

Ai : take action i, typically: “decide d̂ = m ”

Z0

Z1

Z2

Z3

p(Hm) = Pr {d(u) = m} = ⇡m a priori probability

pz(u)|d(u)(z|m) = p(z|Hm) likelihood (of Hm given z(u) = z)

r(Ai|z) decision rule

Ai : take action i, typically: “decide d̂ = m ”

Z0

Z1

Z2

Z3

p(Hm) = Pr {d(u) = m} = ⇡m a priori probability

pz(u)|d(u)(z|m) = p(z|Hm) likelihood (of Hm given z(u) = z)

r(Ai|z) decision rule

Ai : take action i, typically: “decide d̂ = m ”

Z0

Z1

Z2

Z3

observation space

p(Hm) = Pr {d(u) = m} = ⇡m a priori probability

pz(u)|d(u)(z|m) = p(z|Hm) likelihood (of Hm given z(u) = z)

r(Ai|z) decision rule

Ai : take action i, typically: “decide d̂ = m ”

Z0

Z1

Z2

Z3

typically try to implement the decision 
rule as a partitioning of the sample space

p(Hm) = Pr {d(u) = m} = ⇡m a priori probability

pz(u)|d(u)(z|m) = p(z|Hm) likelihood (of Hm given z(u) = z)

r(Ai|z) decision rule

Ai : take action i, typically: “decide d̂ = m ”

Z0

Z1

Z2

Z3

Zm = decision region m = {z 2 Z : r(Am|z) = 1}
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Decision Theory Framework (Statistical Model Based)

Bayes risk for 
decision rule r

Cost for taking 
action m given 
observation z

Bayes decision rule
(minimizes Bayes risk)

APP factoring

Risk(r) =

Z

Z
p(z)

2

4
X

j

r(Aj |z)C(Aj |z)

3

5 dz

C(Aj |z) =
X

i

C(Hi, Aj)p(Hm|z)

rbayes(Am|z) =

(
1 m = argminj C(Aj |z)

0 else

p(Hm|z =
p(z|Hm)⇡m

p(z)
a posteriori probability (APP)

⌘ p(z|Hm)⇡m

Risk(r) =

Z

Z
p(z)

2

4
X

j

r(Aj |z)C(Aj |z)

3

5 dz

C(Aj |z) =
X

i

C(Hi, Aj)p(Hm|z)

Ci,j = C(Hi, Aj) = Cost of deciding Hj when Hi is true

rbayes(Am|z) =

(
1 m = argminj C(Aj |z)

0 else

p(Hm|z =
p(z|Hm)⇡m

p(z)
a posteriori probability (APP)

⌘ p(z|Hm)⇡m

Risk(r) =

Z

Z
p(z)

2

4
X

j

r(Aj |z)C(Aj |z)

3

5 dz

C(Aj |z) =
X

i

C(Hi, Aj)p(Hm|z)

Ci,j = C(Hi, Aj) = Cost of deciding Hj when Hi is true

rbayes(Am|z) =

(
1 m = argminj C(Aj |z)

0 else

p(Hm|z =
p(z|Hm)⇡m

p(z)
a posteriori probability (APP)

⌘ p(z|Hm)⇡m

Risk(r) =

Z

Z
p(z)

2

4
X

j

r(Aj |z)C(Aj |z)

3

5 dz

C(Aj |z) =
X

i

C(Hi, Aj)p(Hm|z)

Ci,j = C(Hi, Aj) = Cost of deciding Hj when Hi is true

rbayes(Am|z) =

(
1 m = argminj C(Aj |z)

0 else

p(Hm|z) =
p(z|Hm)⇡m

p(z)
a posteriori probability (APP)

⌘ p(z|Hm)⇡m

equivalent for making decisions ( p(z) not dependent on hypothesis) 

Risk(r) =

Z

Z
p(z)

2

4
X

j

r(Aj |z)C(Aj |z)

3

5 dz

C(Aj |z) =
X

i

C(Hi, Aj)p(Hi|z)

Ci,j = C(Hi, Aj) = Cost of deciding Hj when Hi is true

rbayes(Am|z) =

(
1 m = argminj C(Aj |z)

0 else

p(Hm|z) =
p(z|Hm)⇡m

p(z)
a posteriori probability (APP)

⌘ p(z|Hm)⇡m
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Maximum A Posteriori Probability (MAP) Rule

MAP is special case of Bayesian Decision  Rule

For these costs, the Bayes risk is the 
probability of decision error

C =

2

6666666664

0 1 1 · · · 1

1 0 1 · · · 1

1 1 0 · · · 1

1 1 1
. . . 1

1 1 1 · · · 0

3

7777777775

R(d) = P (decision error)

Risk(r) =

Z

Z
p(z)

2

4
X

j

r(Aj |z)C(Aj |z)

3

5 dz

C(Aj |z) =
X

i

C(Hi, Aj)p(Hi|z)

Ci,j = C(Hi, Aj) = Cost of deciding Hj when Hi is true

rbayes(Am|z) =

(
1 m = argminj C(Aj |z)

0 else

p(Hm|z) =
p(z|Hm)⇡m

p(z)
a posteriori probability (APP)

⌘ p(z|Hm)⇡m

C(Aj |z) =
X

i

Ci,jp(Hi|z)

=
X

i

(1� �[i� j])p(Hi|z)

=
X

i 6=j

p(Hi|z)

= 1� p(Hj |z)

Risk(r) =

Z

Z
p(z)

2

4
X

j

r(Aj |z)C(Aj |z)

3

5 dz

C(Aj |z) =
X

i

C(Hi, Aj)p(Hi|z)

Ci,j = C(Hi, Aj) = Cost of deciding Hj when Hi is true

rbayes(Am|z) =

(
1 m = argminj C(Aj |z)

0 else

p(Hm|z) =
p(z|Hm)⇡m

p(z)
a posteriori probability (APP)

⌘ p(z|Hm)⇡m

C(Aj |z) =
X

i

Ci,jp(Hi|z)

=
X

i

(1� �[i� j])p(Hi|z)

=
X

i 6=j

p(Hi|z)

= 1� p(Hj |z)

max
m

p(Hm|z) () max
m

p(z|Hm)⇡m

MAP rule

MAP rule minimizes probably of decision 
error over finite number of hypotheses
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Aside: MAP and MMSE Estimation

Consider MMSE Estimation of a digital/discrete random variable

the optimal MMSE estimator for a digital/discrete desirable requires APPs

Risk(r) =

Z

Z
p(z)

2

4
X

j

r(Aj |z)C(Aj |z)

3

5 dz

C(Aj |z) =
X

i

C(Hi, Aj)p(Hi|z)

Ci,j = C(Hi, Aj) = Cost of deciding Hj when Hi is true

rbayes(Am|z) =

(
1 m = argminj C(Aj |z)

0 else

p(Hm|z) =
p(z|Hm)⇡m

p(z)
a posteriori probability (APP)

⌘ p(z|Hm)⇡m

C(Aj |z) =
X

i

Ci,jp(Hi|z)

=
X

i

(1� �[i� j])p(Hi|z)

=
X

i 6=j

p(Hi|z)

= 1� p(Hj |z)

max
m

p(Hm|z) () max
m

p(z|Hm)⇡m

E {d(u)|z(u) = z} =
X

m

dm pd(u)|z(u)(dm|z)

Risk(r) =

Z

Z
p(z)

2

4
X

j

r(Aj |z) (1� p(Hj |z))

3

5 dz

MMSE estimator: 

APPs
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Aside: Hard Decisions and Soft Decisions

Consider MMSE Estimation of a digital/discrete random variable

Both soft decisions A and B are consistent with the same hard decision, but 
B corresponds to much higher confidence

Hard decision: 

Risk(r) =

Z

Z
p(z)

2

4
X

j

r(Aj |z)C(Aj |z)

3

5 dz

C(Aj |z) =
X

i

C(Hi, Aj)p(Hi|z)

Ci,j = C(Hi, Aj) = Cost of deciding Hj when Hi is true

rbayes(Am|z) =

(
1 m = argminj C(Aj |z)

0 else

p(Hm|z) =
p(z|Hm)⇡m

p(z)
a posteriori probability (APP)

⌘ p(z|Hm)⇡m

C(Aj |z) =
X

i

Ci,jp(Hi|z)

=
X

i

(1� �[i� j])p(Hi|z)

=
X

i 6=j

p(Hi|z)

= 1� p(Hj |z)

max
m

p(Hm|z) () max
m

p(z|Hm)⇡m

E {d(u)|z(u) = z} =
X

m

dm pd(u)|z(u)(dm|z)

d̂ = 3

p(d̃ = 0) = 0.099 p(d̃ = 1) = 0.39 p(d̃ = 2) = 0.1 p(d̃ = 3) = 0.4

p(d̃ = 0) = 0.01 p(d̃ = 1) = 0.01 p(d̃ = 2) = 0.01 p(d̃ = 3) = 0.97

Risk(r) =

Z

Z
p(z)

2

4
X

j

r(Aj |z)C(Aj |z)

3

5 dz

C(Aj |z) =
X

i

C(Hi, Aj)p(Hi|z)

Ci,j = C(Hi, Aj) = Cost of deciding Hj when Hi is true

rbayes(Am|z) =

(
1 m = argminj C(Aj |z)

0 else

p(Hm|z) =
p(z|Hm)⇡m

p(z)
a posteriori probability (APP)

⌘ p(z|Hm)⇡m

C(Aj |z) =
X

i

Ci,jp(Hi|z)

=
X

i

(1� �[i� j])p(Hi|z)

=
X

i 6=j

p(Hi|z)

= 1� p(Hj |z)

max
m

p(Hm|z) () max
m

p(z|Hm)⇡m

E {d(u)|z(u) = z} =
X

m

dm pd(u)|z(u)(dm|z)

d̂ = 3

p(d̃ = 0) = 0.099 p(d̃ = 1) = 0.39 p(d̃ = 2) = 0.1 p(d̃ = 3) = 0.4

p(d̃ = 0) = 0.01 p(d̃ = 1) = 0.01 p(d̃ = 2) = 0.01 p(d̃ = 3) = 0.97

Risk(r) =

Z

Z
p(z)

2

4
X

j

r(Aj |z)C(Aj |z)

3

5 dz

C(Aj |z) =
X

i

C(Hi, Aj)p(Hi|z)

Ci,j = C(Hi, Aj) = Cost of deciding Hj when Hi is true

rbayes(Am|z) =

(
1 m = argminj C(Aj |z)

0 else

p(Hm|z) =
p(z|Hm)⇡m

p(z)
a posteriori probability (APP)

⌘ p(z|Hm)⇡m

C(Aj |z) =
X

i

Ci,jp(Hi|z)

=
X

i

(1� �[i� j])p(Hi|z)

=
X

i 6=j

p(Hi|z)

= 1� p(Hj |z)

max
m

p(Hm|z) () max
m

p(z|Hm)⇡m

E {d(u)|z(u) = z} =
X

m

dm pd(u)|z(u)(dm|z)

d̂ = 3

p(d̃ = 0) = 0.099 p(d̃ = 1) = 0.39 p(d̃ = 2) = 0.1 p(d̃ = 3) = 0.4

p(d̃ = 0) = 0.01 p(d̃ = 1) = 0.01 p(d̃ = 2) = 0.01 p(d̃ = 3) = 0.97

Soft Decision A:

Soft Decision B:

APPs are the ideal soft decisions (typically)

Soft decisions are often desired when the output 
of the classifier feeds additional processing — eg, 

Automatic Speech Recognition (ASR):

feature 
computation

neural 
network

dictionary & 
language 

model

audio samples
feature 
vectors

soft 
decisions

on 
phonemes

transcript
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Binary MAP Rule

P (E) = P (E|H0)⇡0 + P (E|H0)⇡1

=

Z

Z1

f(z|H0)⇡0dz+

Z

Z0

f(z|H1)⇡1dz

f(z|H1)⇡1
H1
>
<
H0

f(z|H0)⇡0

⇤(z) =
f(z|H1)

f(z|H0)

H1
>
<
H0

⇡0
⇡1

= T Likelihood Ratio Test

M=2

likelihood ratio

when M>2, still work with p(z|Hm) / p(z|H0)
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MAP Rule for the Binary AWGN Channel

M=2

Hm : z(u) = sm +w(u) (D ⇥ 1)

P (Hm|z) =
fz(u)(z|Hm)⇡m

fz(u)(z)

⌘ fz(u)(z|Hm)⇡m

= ND(z; sm; (N0/2)I)⇡m

=
⇡m

(⇡N0)D/2
exp


�1

N0
kz� smk

2

�

⌘ ⇡m exp


�1

N0
kz� smk

2

� max
m

P (Hm|z) () min
m

� ln (P (Hm|z)

() min
m


� ln(⇡m) +

1

N0
kz� smk

2

�

() min
m

kz� smk
2

✓
when ⇡m =

1

M

◆
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Other Rules (MAP Special Cases)

MAP reduces to ML when a 
priori probabilities are 

uniform

Maximum Likelihood (ML): max
m

f(z|Hm)

Minimum Distance: min
m

d(z, sm)

Min. Euclidean (squared) distance: min
m

kz� smk
2

Maximum Likelihood (ML): f(z|H1)
H1
>
<
H0

f(z|H0)

Minimum Distance: d(z, s0)
H1
>
<
H0

d(z, s1)

Min. Euclidean (squared) distance: kz� s0k
2

H1
>
<
H0

kz� s1k
2

M=2
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Other Rules (MAP Special Cases)

MAP ML 
Minimum 
Euclidean 
Distance uniform 

priors 
AWGN
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Binary MAP Decisions (equal priors)

s0

s1

d/2

d/2
Decision boundary is the perpendicular bisector of (s1 � s0)

s0

s1

d/2

d/2

Contours of fz(u)(z|H0)

Error probability given 
hypothesis 0 is the probability 
that noise throws observation 

over decision boundary

(s1 � s0)
tz

H1
>
<
H0

ks1k2 � ks0k2 �N0 ln(⇡1/⇡0)

2
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Performance of Binary MAP Decisions (equal priors)

65

s0

s1

d/2

d/2

Contours of fz(u)(z|H0)

E {V (u)} = 0

�2
V =

N0

2
ks1 � s0k2

P (E|H0) = Pr
n
(s1 � s0)tz(u) >

ks1k2�ks0k2�N0 ln(⇡1/⇡0)
2 |H0

o

= Pr
n
(s1 � s0)t(s0 +w(u)) > ks1k2�ks0k2�N0 ln(⇡1/⇡0)

2

o

= Pr
n
(st1s0 � ks0k2) + (s1 � s0)tw(u) > ks1k2�ks0k2�N0 ln(⇡1/⇡0)

2

o

= Pr
n
(s1 � s0)tw(u) >

ks1k2+ks0k2�2st1s0�N0 ln(⇡1/⇡0)
2

o

= Pr
�
V (u) > 1

2

⇥
ks1 � s0k2 �N0 ln(⇡1/⇡0)

⇤ 
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s0

s1

d/2

d/2

Contours of fz(u)(z|H0)

P (E) = P (E|H0)⇡0 + P (E|H1)⇡1

= P (E|H0)(1/2) + P (E|H1)(1/2)

P (E) = Q

0

@
s

d2

2N0

1

A = Q

0

@
s

ks1 � s0k2

2N0

1

A

Performance of Binary MAP Decisions (equal priors)

Note: not a function of dimension 

P (E|H0) = Q

0

@
s

d2

2N0

1

A

d2 = ks1 � s0k
2 (⇡1 = ⇡0)
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M=8 (8-PSK) Example Min. Distance Rule

67

�
Es

I

Q

�
Es

I

Q

global decision region 
for signal 0

some pairwise 
decision regions for 

signal 0

the global decision region for 
H_m is the intersection of all 
pairwise decision regions for 

H_m
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Bounds on Error Probability

68

Error probability for M-ary decisions can be found using the exact error 
probability of error in a pairwise test & the union bound

a simple resulting form for M-ary signals in AWGN:

Notes on Performance Bounds v1.4 - c� K.M. Chugg – October 5, 2015 3

1.1 Special Cases for AWGN Channels

A common special case for the application of the bounds developed above is that of a-priori equally-
likely signaling over an AWGN where z(u) = sm + w(u) under Hm with w(u) being AWGN. In
this case, the MAP detection rule is the Minimum Distance rule and the pairwise error is

PPW (j|Hm) = Q

0

@
s

d2(j, m)

2N0

1

A d2(j, m) = ksj � smk
2 (13)

In this case, the bound simplifies to

1

M

M�1X

m=0

Q

0

@
s

d2
min(m)

2N0

1

A  P (E) 
1

M

M�1X

m=0

M�1X

j2Nm

Q

0

@
s

d2(j, m)

2N0

1

A (14)

where
d2

min(m) = min
j 6=m

d2(j, m) (15)

A simple set of bounds can be obtained in terms of the global minimum distance

d2
min = min

m
d2

min(m) (16)

Specifically, it is straightforward to show that

1

M
Q

0

@
s

d2
min

2N0

1

A  P (E)  (M � 1)Q

0

@
s

d2
min

2N0

1

A (17)

which implies that at high SNR, the error probability must decay proportionally to Q

✓q
d2min
2N0

◆
–

i.e., the error probability of a binary test with only the nearest neighbor.
The last simple set of bounds is pessimistic (loose) in the sense that the upper bound was

constructed using all other hypotheses as the su�cient set (i.e., hence the (M � 1) term) and
the lower bound was constructed by taking only a single term from the sum. With some book-
keeping, these bounds can be improved. Specifically, consider the distance spectrum of the signal
set – i.e., the values of d(m, j) that can occur for the specific set of signals. Order these distances
d1 = dmin < d2 < d3 . . . . Let Ni({Nm}) be the number of times that di occurs in a listing of all
su�cient pairwise error events. Let Ki be the number of hypotheses for which dmin(m) = di. The
basic bound in (14) then simplifies to

X

i

Ki

M
Q

0

@
s

d2
i

2N0

1

A  P (E) 

X

i

Ni({Nm})

M
Q

0

@
s

d2
i

2N0

1

A (18)

Note that one could use any single term from the above lower bound as a lower bound that may
be much easier to compute and only slightly looser. For example, this yields a tighter lower bound
in dmin of the form

P (E) �
K1

M
Q

0

@
s

d2
min

2N0

1

A (19)

dominated by the minimum distance between two signals
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Other Decision Criterion (non-Bayes)

minimax rule: the Bayes full for the worst case a priori probabilities 

Neyman-Pearson rule: 
maximize detection probability for a given false alarm probability

c�K.M. Chugg - January 21, 2019– TITLE 2

PD = P (decide H1|H1) Detection Probability

PFA = P (decide H1|H0) False Alarm Probability

NP rule example:
Given P_fa < 0.1, maximize P_d

Can always maximize detection probability by always deciding H1, but this 
will have high false alarm probability.  

Note: N-P and minimax rules do not need knowledge of priors
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Neyman-Pearson Theorem

Neyman-Pearson Theorem: 
The rule that maximizes detection probability under a limit on the 

false alarm probability is a likelihood ration test

example: detect a signal in AWGN

c�K.M. Chugg - January 21, 2019– TITLE 2

PD = P (decide H1|H1) Detection Probability

PFA = P (decide H1|H0) False Alarm Probability

H0 : z(u) = n(u)

H1 : z(u) = S + n(u) S > 0

c�K.M. Chugg - January 21, 2019– TITLE 2

PD = P (decide H1|H1) Detection Probability

PFA = P (decide H1|H0) False Alarm Probability

H0 : z(u) = n(u)

H1 : z(u) = S + n(u) S > 0

p(z|H1)

p(z|H1)

H1
>
<
H0

T

() exp


1

2�2
n

�
z2 � [z � S]2

�� H1
>
<
H0

T

() exp


1

2�2
n

�
2Sz � S2

�� H1
>
<
H0

T

() z
H1
>
<
H0

T 0

c�K.M. Chugg - January 22, 2019– TITLE 15

p(z|H1)

p(z|H1)

H1
>
<
H0

T

() exp


1

2�2
n

�
z2 � [z � S]2

�� H1
>
<
H0

T

() exp


1

2�2
n

�
2Sz � S2

�� H1
>
<
H0

T

() z
H1
>
<
H0

T 0

PFA = Q

✓
T 0

�n

◆

T 0
= �nQ

�1
(PFA)

PD = Q

✓
T 0

� S

�n

◆

= Q

 
Q

�1
(PFA)�

s
S2

�2
n

!

PD = Q

 
Q

�1
(PFA)�

s
S2

�2
n

!
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Neyman-Pearson Example: ROC

Receiver Operating Characteristic (ROC): 
characterizes the trade-off between detection and false alarm probabilities

changes with the problem, but is another way to characterize classification performance

c�K.M. Chugg - January 22, 2019– TITLE 15

p(z|H1)

p(z|H1)

H1
>
<
H0

T

() exp


1

2�2
n

�
z2 � [z � S]2

�� H1
>
<
H0

T

() exp


1

2�2
n

�
2Sz � S2

�� H1
>
<
H0

T

() z
H1
>
<
H0

T 0

PFA = Q

✓
T 0

�n

◆

T 0
= �nQ

�1
(PFA)

PD = Q

✓
T 0

� S

�n

◆

= Q

 
Q

�1
(PFA)�

s
S2

�2
n

!

PD = Q

 
Q

�1
(PFA)�

s
S2

�2
n

!
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Detection, Estimation, Regression

72

MMSE Estimation

Linear/Affine MMSE Est.

FIR Wiener filtering

general regression

linear LS regression

stochastic gradient and batches

Bayesian decision theory

Hard decisions

soft decisions (APP)

Classification from data

linear classifier

logistic regression (perceptron)

ML/MAP parameter 
estimation

regularization

Karhunen-Loeve expansion

sufficient statistics

PCA

feature design

working with data

neural networks

for regression and classification

learning with SGD

GD, SGD, LMS

statistical models data driven 
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Linear Classifier

perform linear regression and then threshold to get a hard decision

Example: 

linear_classifier_examples.ipynb

y 2 {�1,+1}

ŷ = sign(wtx)

sign(v) =

(
+1 v � 0

�1 v < 0

y 2 {�1,+1}

ŷ = sign(wtx)

sign(v) =

(
+1 v � 0

�1 v < 0

y 2 {�1,+1}

ŷ = sign(wtx)

sign(v) =

(
+1 v � 0

�1 v < 0

y 2 {�1,+1}

ŷ = sign(wtx)

sign(v) =

(
+1 v � 0

�1 v < 0

min
w

1

N

N�1X

n=0

(yn �wtxn)
2

standard LLSE regression with thresholding of the prediction

Review: 
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Example: Linear and Affine Regression 

y 2 {�1,+1}

ŷ = sign(wtx)

sign(v) =

(
+1 v � 0

�1 v < 0

min
w

1

N

N�1X

n=0

(yn �wtxn)
2

ŷ =
⇥
xt 1

⇤  w
b

�

ŷ = xtw

y 2 {�1,+1}

ŷ = sign(wtx)

sign(v) =

(
+1 v � 0

�1 v < 0

min
w

1

N

N�1X

n=0

(yn �wtxn)
2

ŷ =
⇥
xt 1

⇤  w
b

�

ŷ = xtw

y 2 {�1,+1}

ŷ = sign(wtx)

sign(v) =

(
+1 v � 0

�1 v < 0

min
w

1

N

N�1X

n=0

(yn �wtxn)
2

ŷ =
⇥
xt 1

⇤  w
b

�

ŷ = xtw

s0 =


+1
+1

�

s1 =


�2
�2

�

y 2 {�1,+1}

ŷ = sign(wtx)

sign(v) =

(
+1 v � 0

�1 v < 0

min
w

1

N

N�1X

n=0

(yn �wtxn)
2

ŷ =
⇥
xt 1

⇤  w
b

�

ŷ = xtw

s0 =


+1
+1

�

s1 =


�2
�2

�

for the case with no bias term, the decision 
threshold has to pass through the origin

adding the bias term allows for offset 
from the origin 
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Maximum Likelihood Parameter Estimation

Theta is a (non-random) parameter set

recall: likelihood of Theta (given y)

⇥̂ML = ⇥̂ML(y) = argmax
⇥

py(u)(y;⇥)

py(u)(y|⇥)

⇥̂ML = ⇥̂ML(y,x) = argmax
⇥

py(u)|x(u)(y|x;⇥)

Alternate notation:

⇥̂ML = ⇥̂ML(y) = argmax
⇥

py(u)(y;⇥)

py(u)(y|⇥)

⇥̂ML = ⇥̂ML(y,x) = argmax
⇥

py(u)|x(u)(y|x;⇥)
The ML estimate is the parameters values that best explain the 

observation y under the statistical model for y(u)⇥̂ML = ⇥̂ML(y) = argmax
⇥

py(u)(y;⇥)

py(u)(y|⇥)

⇥̂ML = ⇥̂ML(y,x) = argmax
⇥

py(u)|x(u)(y|x;⇥)

May be based on a conditional or joint distribution:

⇥̂ML = ⇥̂ML(y) = argmax
⇥

py(u)(y;⇥)

py(u)(y|⇥)

⇥̂ML = ⇥̂ML(y,x) = argmax
⇥

py(u)|x(u)(y|x;⇥)

⇥̂ML = ⇥̂ML(y,x) = argmax
⇥

px(u),y(u)(x, y;⇥)

yn = wtxn + vn, n = 0, 1, . . . N � 1

y = Xw + v(u)

pv(u)(v) = NN (v;0;�2
v)

py(u)|x(u)(y|x;w) = pv(u)(y �Xw) = NN (y;Xw;�2
v)

NLL(w) = � ln
�
py(u)(y|x;w)

�

= � ln

✓
1

(2⇡�v)N/2
exp


�1

2�2
v
ky �Xwk2

�◆

=
1

2�2
v
ky �Xwk2 + N

2
ln(2⇡�v)

max
w

py(u)|x(u)(y|x;w) () min
w

ky �Xwk2

1 Su�cient Statistics

p(z1, z2|d) = p(z1|z2, d)p(z2|d)

p(z1|z2, d) = p(z1|z2)

p(z,g(z|d) = p(z|g(z, d)p(g(z|d)

= p(z|g(z)p(g(z|d)

⌘ p(g(z|d)
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ML Estimation Example

this is a model for the data { (x_n, y_n) }:

(under this model for the data)

Maximum Likelihood <==> min Neg-Log-Likelihood <==> LLSE regression

⇥̂ML = ⇥̂ML(y) = argmax
⇥

py(u)(y;⇥)

py(u)(y|⇥)

⇥̂ML = ⇥̂ML(y,x) = argmax
⇥

py(u)|x(u)(y|x;⇥)

yn = wtxn + vn, n = 0, 1, . . . N � 1

y = Xw + v(u)

pv(u)(v) = N (v;0;�2
v)

⇥̂ML = ⇥̂ML(y) = argmax
⇥

py(u)(y;⇥)

py(u)(y|⇥)

⇥̂ML = ⇥̂ML(y,x) = argmax
⇥

py(u)|x(u)(y|x;⇥)

yn = wtxn + vn, n = 0, 1, . . . N � 1
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6 Classification from Data
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Properties of ML Estimators

• Asymptotically Gaussian:

• For large amounts of data, the ML estimate is Gaussian with 
mean equal to the true parameter (models matched)

• Consistent:

• The limit in probability of the ML estimate is the true parameter 
(model matched)

• The ML estimate minimizes the KL Divergence between the model 
distribution and the empirical data distribution.  KL divergence 
measures the difference between two distribution (Info. Theory).

• Minimizing KL divergence in this case also corresponds to 
minimizing the cross entropy
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Logistic Regression Motivation

Note that a linear classifier has hard decision:

Note that this is a real number — the magnitude is the 
“confidence” and the hard decision is the sign

How can we convert this to a soft decision that is a probability?
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ŷ =
⇥
xt 1

⇤  w
b

�
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Logistic Regression

Two problems to address:

1. What is a good “sigma” function to map from reals targeting +/- 1 to a 
probability of a 1?

2. What is a good loss function between the binary labels {0,1} and the regressor 
output p-hat ~ P(1)?
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y = wtx+ v(u)

p(v) = N (v; 0;�
2
v)
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ỹn
n [1� pn)]

(1�ỹn)
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y = �1 () ỹ = 0
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ỹ 2 {0, 1}

p(y = +1|x;w)

p(y = �1|x;w)
=

N (+1;wtx;�2
v)

N (�1;wtx;�2
v)

= exp


2

�2
v
wtx

�

L =
2

�2
v
wtx
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pn ỹn = 1 (yn = +1)
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Recall from the ML interpretation of LLSE Regression

model for ML estimation of w:
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y = wtx+ v(u)

p(v) = N (v; 0;�2
v)

if we adopt the convention that:c�K.M. Chugg - January 28, 2019– TITLE 2
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Likelihood ratio for y (binary classification):
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Log-likelihood ratio:
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Takeaway: w 
dotted with x can be viewed 
as a log-likelihood ratio or log 

ration of (scaled) 
probabilities
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Logistic Regression Motivation

First, suppose we have the log ratio of two probability-like measure (maybe not normalized)
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sigma is called the Logistic function or sigmoid function (sigmoid is overloaded term)

logistic function maps a log-likelihood 
ratio to the “probability of a 1”

FIX THESE TYPOS
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Logistic Regression Motivation

maps a log-likelihood ratio to a probability (p1 or p_numerator)

Note: sigmoid(0) = 0.5
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Logistic Regression Motivation

Other useful properties
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Logistic Regression Motivation

This motivates a model for a binary variable y:

c�K.M. Chugg - January 28, 2019– TITLE 2
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Model the values of the binary targets
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ỹ(u) ⇠ Bernoulli(p)

p = p1 = �(wtx) =
1

1 + exp(�wtx)

(1� p) = p0 =
1

1 + exp(+wtx)
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(1�ỹn)

=

N�1Y

n=0

p
I[yn=+1]
n [1� pn]

I[yn=�1]

pn = �(wtxn)

p
ỹn
n [1� pn)]

(1�ỹn)
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1� pn ỹn = 0 (yn = �1)

NLL(w) = �

 
N�1X

n=0
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Logistic Regression

Take the ML approach to determining w for this model:
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(1�ỹn)

=
N�1Y

n=0

pI[yn=+1]
n [1� pn)]

I[yn=�1]

pn = �(wtx)
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The negative log-likelihood is….
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pn ỹn = 1 (yn = +1)
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Example:

Labels (y-tilde): 1, 0, 1

Output (sigma(w . x)):  0.9, 0.1, 0.2

p(y|x, w): 0.9 * 0.9 * 0.2
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Logistic Regression

The negative log-likelihood is:
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NLL(w) = �
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Example:

Labels (y-tilde): 1, 0, 1

Output (sigma(w . x)):  0.9, 0.1, 0.2

NNL(w):  0.11 + 0.11 + 1.6

This is called 
the binary cross-entropy loss.  We will 

see that this can be viewed as a distance 
between two distributions
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Logistic Regression

Two problems addressed:

1. Logistic function maps a LLR to P(1)

2. Binary cross-entropy is the loss that arises from a Bernoulli model and  
maximum likelihood parameter estimation.
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ỹ 2 {0, 1}

p(y = +1|x;w)

p(y = �1|x;w)
=

N (+1;wtx;�2
v)

N (�1;wtx;�2
v)

= exp


2

�2
v
wtx

�

L =
2

�2
v
wtx
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ỹn
n [1� pn]

(1�ỹn)
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Logistic Regression

Summary:

Logistic regression is ML estimation of w for an iid Bernoulli model with
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which can be viewed as regression with the (empirical) binary cross-entropy 
cost function

no closed form, usually use SGD to perform the regression

We will see that this is a special case of two concepts:

1. It is a single-perceptron and MLP (neural networks) are many of these 
combined (with slight modification)

2. The loss function derived is the binary cross-entropy between the output 
probability mass function (p, 1-p) and the “one-hot” encoded label pmf y-
tilde.
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Single Perceptron History

this model was proposed with a simple 
learning algorithm (special case of SGD)
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Notes on Logistic Regression / Single Perceptron

• In the view of w • x as a log-likelihood, the value of sigma_v is 
absorbed into learning the coefficients w

• Labeling convention 0, 1 <—> -1, +1 can be altered as long as you 
keep the training labels consistent.  The convention I followed is the 
most common 

• BCE minimization is a special case for Maximum Likelihood 
Estimation — i.e., it always minimizes a Cross-Entropy measure

• Finds the parameter that minimizes the Kullback–Leibler 
divergence (KL divergence) between the model distribution and 
the empirical data distribution

• Delay the details of SGD for logistic regression since it is a special 
case of back-propagation for a Multi-layer Perceptron (MLP)
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ML Estimation and Information Theory

Entropy:

Intuition:

Examples:

EE 364 HW 5 Solution – c�K.M. Chugg - March 21, 2018 8

In comparison, if we do the exact binomial calculation, we get

n = 16 : Pr
n
|P̂ (u)� p| < ✏

o
=

9X

k=7

⇣
16

k

⌘
2
�16

(45)

= 0.546 (46)

⇡ 0.547 (Gaussian with factors of 1/2) (47)

n = 100 : Pr
n
|P̂ (u)� p| < ✏

o
=

60X

k=40

⇣
100

k

⌘
2
�16

(48)

= 0.965 (49)

⇡ 0.964 (Gaussian with factors of 1/2) (50)

This illustrates how much of a di↵erence including the factors of 1/2 in the Q-function argu-

ments a↵ect the final answer. For large n this is negligible, but for n = 16 we see that the

Gaussian approximation is quite good, but only if the factors of 1/2 are included.

Note that this problem hints at the law of large numbers for this special case. Specifically, the

probability that the estimated probability is within ✏ of the actual probability is 1 � 2Q

⇣q
n✏2
pq

⌘

for large n. It follows that as n ! 1, this probability goes to 1 for arbitrarily small ✏ > 0. Fur-

thermore, the Gaussian approximation to the Binomial, which is a special case of the Central Limit

Theorem, provides us with a statistical measure of how fast this convergence occurs. Specifically,

the probability that the estimate is outside this range convergence is like 2Q(
p
↵n) where ↵ is a

constant. Using the upper bound on the Q-function

Q(z)  1p
2⇡z

e
�z2/2

(51)

implies that for large n, the probability that the estimate is outside the range (p� ✏, p+ ✏) goes as

Pr
n
|P̂ (u)� p| � ✏

o
⇠ exp


�
✓

✏
2

2pq

◆
n

�
(52)

so the convergence is exponential in n for large n.

Problem 2.59

The entropy of a random variable X(u) is a measure of the average uncertainty in the value of that

random variable or, alternatively, the average information learned by observing a realization of the

random variable. The entropy of an integer-valued discrete random variable is

H(X(u)) = E
⇢
log2

✓
1

pX(u)(X(u))

◆�
(53)

=

X

k

pX(u)(k) log2

✓
1

pX(u)(k)

◆
(54)

=

X

k

pk log2

✓
1

pk

◆
(55)

fair die:
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where pk is shorthand for pX(u)(k).

For a fair die, we have pk = 1/6 for k = 1, 2, . . . 6 so that

H(X(u)) = log2(1/6) = 2.58 bits/roll (56)

For the loaded die, the entropy is

H(X(u)) = �0.4 log2(0.4)� 0.1 log2(0.1)� 0.01 log2(0.01)

� 0.09 log2(0.09)� 0.25 log2(0.25)� 0.15 log2(0.15) (57)

= 2.15 bits/roll (58)

Note that you can show that the distribution that maximizes the entropy in this case is uniform

(i.e., a fair die has the most entropy).

Recall how this can be interpreted: if a very large file of die rolls were written, then it could be

compressed without loss to this entropy – i.e., compression ratio 1/H. For example, to record N

fair die rolls, we would need at least (2.58)N binary digits. For this loaded die, this is only (2.15)N

binary digits.

Problem 2.60

Recall that a BSC is a channel that causes binary error with probability ✏. It is a memoryless

channel which means that errors at one time are independent of other times. You can view it as

a sequence of independent Bernoulli trials with success probability ✏, where “successes” cause bit

flips in the transmitted bits.

The capacity of this channel is

C(✏) = 1�H(✏) = 1� [✏ log2(1/✏) + (1� ✏) log2(1/(1� ✏))] (59)

For ✏ = 0.4 we have

C(0.4) = 1�H(0.4) = 1� [(0.4) log2(1/0.4) + (0.6) log2(1/0.6)] = 0.03 bits/channel-use (60)

The capacity in the “information speed limit of the channel”. The way to interpret it is that you can

achieve rates of information transfer up to this speed, but not faster than it. More mechanically,

this is related to error correction coding. For example, a binary error correction code takes in

k information bits and put n binary symbols on the channel such that the attempted rate of

information transfer is r = k/n. Shannon’s channel coding theorem says that there exists code that

have r < C(✏) that as n �! 1 and k �! 1 so that r is constant, error free communication is

possible. The converse says that it is impossible to communicate with r > C(✏) with any reliability.

So, in this particular case it says that, even if the channel flips bits with probability ✏ = 0.4,

you can communicate error free with rates below 0.03 bits/channel-use.

For the other values of ✏ we have

C(0.2) = 0.28 bits/channel-use (61)

C(0.1) = 0.47 bits/channel-use (62)

C(0.01) = 0.92 bits/channel-use (63)

C(0.001) = 0.9985 bits/channel-use (64)

loaded die:

events with low probability have large information 
— e.g., “it will snow in Phoenix tomorrow”

the entropy is the average information learned when 
the value of X(u) is revealed.  

weather report in Phoenix has low entropy (almost 
always the same), whereas in Sioux City, SD it has 

high entropy (highly variant weather)

c�K.M. Chugg - February 8, 2020– TITLE 19

NLL(w) = �

 
N�1X

n=0
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ỹn log(�(w
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7.2 Information Theory

H(p) = �p log2(p)� (1� p) log2(1� p)

H(X(u)) = log2(1/6) = 2.58 bits/roll
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ML Estimation and Information Theory

Entropy of iid Bernoulli Source (with success probability p) 
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al = act(Wlal�1 + bl) (activations)

ȧl = ˙act(Wlal�1 + bl) (derivative activations)

���L = ˙cost(y,aL)� ȧL (delta initialization)

���l = ȧl �
⇥
Wt

l+1���l+1

⇤
(delta recursion)

Wl  Wl � ⌘���la
t
l�1 (weight SGD update)

bl  bl � ⌘���l (bias SGD update)

al[n] = act(Wlal�1[n] + bl) (activations)

ȧl[n] = ˙act(Wlal�1[n] + bl) (derivative activations)

���L[n] = ˙cost(y[n],aL[n])� ȧL[n] (delta initialization)

���l[n] = ȧl[n]�
⇥
Wt

l+1���l+1[n]
⇤

(delta recursion)

Wl  Wl � ⌘
1

B

B�1X

n=0

���l[n]a
t
l�1[n] (weight SGD update)

bl  bl � ⌘
1

B

B�1X

n=0

���l[n] (bias SGD update)

(x[n],y[n])

H(p) = �p log2(p)� (1� p) log2(1� p)
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ML Estimation and Information Theory

KL-Divergence

Cross-Entropy
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pk log (p̃k)

= �H(p) + CE(p, p̃)

CE(p, p̃) = Ep

⇢
log

✓
1

p̃x(X(u))

◆�

c�K.M. Chugg - January 29, 2020– TITLE 19

BCE(p, p̃)
�
= Ep

⇢
log

✓
1

p̃(y)

◆�

= p log
1

p̃
+ (1� p) log

1

(1� p̃)

= � [p log(p̃) + (1� p) log(1� p̃)]

BCE(pdata, pmodel) =

⌧
log

✓
1

pmodel(y)

◆�

D

=
�1

N

N�1X

n=0

⇥
ỹn log(�(w

txn)) + (1� ỹn) log((1� �(wtxn)))
⇤

=
�1

N

N�1X

n=0

[ỹn log(�(ŷn(w)) + (1� ỹn) log((1� �(ŷn(w)))]

7.2 Information Theory

H(p) = �p log2(p)� (1� p) log2(1� p)

D(pkp̃) = Ep

⇢
log

✓
px(X(u)

p̃x(X(u)

◆�

=

X

k

pk log

✓
pk

p̃k

◆

=

X

k

pk log (pk)�
X

k

pk log (p̃k)

= CE(p, p̃)�H(p)

CE(p, p̃) = Ep

⇢
log

✓
1

p̃x(X(u))

◆�

D(pkp̃) = �H(p) + CE(p, p̃)

CE(p, p̃) = Ep

⇢
log

✓
1

p̃x(X(u))

◆�
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ML Estimation and Information Theory
ML parameter estimation minimizes empirical CE (and KL divergence)

0.1 Information Theory

H(p) = �p log2(p)� (1� p) log2(1� p)

D(pkp̃) = Ep

⇢
log

✓
px(X(u)

p̃x(X(u)

◆�

=
X

k

pk log

✓
pk

p̃k

◆

=
X

k

�pk log (pk)�
X

k

pk log (p̃k)

= �H(p) + CE(p, p̃)

CE(p, p̃) = Ep

⇢
log

✓
1

p̃x(X(u))

◆�

D(pkp̃) = �H(p) + CE(p, p̃)

CE(p, p̃) = Ep

⇢
log

✓
1

p̃x(X(u))

◆�

pdata(y|x) = data distribution of the data (typically unknown)

pmodel(y|x;⇥) = modeled distribution of the data (function of parameters)

CE(pdata, pmodel(⇥)) = Epdata(y|x)

⇢
log

✓
1

pmodel(y(u)|x(u);⇥)

◆�

⇡ h� log (pmodel(y|x;⇥)) iD

=
�1

N

N�1X

n=0

log(pmodel(yn|xn;⇥))
c�K.M. Chugg - February 4, 2019– TITLE 2

max
⇥

pmodel(y|X;⇥) () min
✓

(� log(pmodel(y|X;⇥)))

() min
✓

 
�

N�1X

n=0

log(pmodel(yn|xn;⇥))

!
( iid yn assumed)

() min
✓

 
�1

N

N�1X

n=0

log(pmodel(yn|xn;⇥))

!
(empirical Cross-Entropy)

max
w

py(u)|X(u)(y|X;w) () min
w

ky �Xwk2

max
w

py(u)|X(u)(y|X;w) () min
w

BCE(pdata, pmodel;w)

Max-
Likelihood Estimation of 

neural network weights is always 
minimizing the empirical cross 

entropy between data 
distribution and the modeled 

distribution
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Logistic Regression — We found BCE

Define the binary cross entropy function:

The negative log-likelihood is:

c�K.M. Chugg - January 28, 2019– TITLE 2

y = +1 () ỹ = 1

y = �1 () ỹ = 0

p(y = +1|x;w)

p(y = �1|x;w)
=

N (+1;wtx;�2
v)

N (�1;wtx;�2
v)

= exp


2

�2
v
wtx

�

L =
2

�2
v
wtx

ỹ(u) ⇠ Bernoulli(p)

p = p1 = �(wtx) =
1

1 + exp(�wtx)

(1� p) = p0 =
1

1 + exp(+wtx)

ỹn ⇠ Bernoulli(wtxn) iid

p(y|X;w) =
N�1Y

n=0

pỹnn [1� pn]
(1�ỹn)

=
N�1Y

n=0

pI[yn=+1]
n [1� pn]

I[yn=�1]

pn = �(wtxn)

pỹnn [1� pn)]
(1�ỹn) =

(
pn ỹn = 1 (yn = +1)

1� pn ỹn = 0 (yn = �1)

c�K.M. Chugg - January 28, 2019– TITLE 3

NLL(w) = �
 

N�1X

n=0

ỹn log(pn) + (1� ỹn) log(1� pn)

!

= �
 

N�1X

n=0

ỹn log(�(w
txn)) + (1� ỹn) log((1� �(wtxn)))

!

=
N�1X

n=0

log
�
1 + exp

⇥
�ynw

txn
⇤�

c�K.M. Chugg - January 28, 2019– TITLE 3

NLL(w) = �
 

N�1X

n=0

ỹn log(pn) + (1� ỹn) log(1� pn)

!

= �
 

N�1X

n=0

ỹn log(�(w
txn)) + (1� ỹn) log((1� �(wtxn)))

!

=
N�1X

n=0

log
�
1 + exp

⇥
�ynw

txn
⇤�

BCE(p, p̃)
�
= Ep

⇢
log

✓
1

p̃(y)

◆�

= p log
1

p̃
+ (1� p) log

1

(1� p̃)

= � [p log(p̃) + (1� p) log(1� p̃)]

special case of the general 
derivation 
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ML Estimation and Information Theory

Example:

⇥̂ML = ⇥̂ML(y) = argmax
⇥

py(u)(y;⇥)

py(u)(y|⇥)

⇥̂ML = ⇥̂ML(y,x) = argmax
⇥

py(u)|x(u)(y|x;⇥)

yn = wtxn + vn, n = 0, 1, . . . N � 1

y = Xw + v(u)

pv(u)(v) = N (v;0;�2
v)

Gaussian noise 
model, CE is LSE

Example:

Bernoulli model, 
CE is empirical 

BCE

c�K.M. Chugg - February 4, 2019– TITLE 17

py(u)|X(u)(y|X;w) = pv(u)(y �Xw) = NN (y;Xw;�2
v)

NLL(w) = � ln
�
py(u)(y|X;w)

�

= � ln

✓
1

(2⇡�v)N/2
exp


�1

2�2
v
ky �Xwk

2

�◆

=
1

2�2
v
ky �Xwk

2
+

N

2
ln(2⇡�v)

max
w

py(u)|X(u)(y|X;w) () min
w

ky �Xwk
2

7.1 Logistical Regression

L = ln

✓
p1
p0

◆

= ln p1 � ln p0

= `1 � `0

p0 =
e`0

e`0 + e`1

=
1

1 + eL

p1 =
e`1

e`0 + e`1

=
1

1 + e�L

p1 = 1� p0 = �(L)
�
=

eL

1 + eL
=

1

1 + e�L

�̇(s) =
d

ds


es

1 + es

�

=
es

1 + es
�

(es)2

(1 + es)2

=


es

1 + es

� 
1

1 + es

�

= �(s)(1� �(s))

�(s) =
1

2

h
1 + tanh

⇣s
2

⌘i

c�K.M. Chugg - February 4, 2019– TITLE 2

max
⇥

pmodel(y|X;⇥) () min
✓

(� log(pmodel(y|X;⇥)))

() min
✓

 
�

N�1X

n=0

log(pmodel(yn|xn;⇥))

!
( iid yn assumed)

() min
✓

 
�1

N

N�1X

n=0

log(pmodel(yn|xn;⇥))

!
(empirical Cross-Entropy)

max
w

py(u)|X(u)(y|X;w) () min
w

ky �Xwk2

max
w

py(u)|X(u)(y|X;w) () min
w

BCE(pdata, pmodel;w)

c�K.M. Chugg - February 4, 2019– TITLE 16

6 Classification from Data

y 2 {�1,+1}

ŷ = sign(wtx)

sign(v) =

(
+1 v � 0

�1 v < 0

min
w

1

N

N�1X

n=0

(yn �wtxn)
2

ŷ =
⇥
xt

1
⇤  w

b

�

ŷ = xtw

s0 =


+1

+1

�

s1 =


�2

�2

�

7 Maximum Likelihood Parameter Estimation

⇥̂ML = ⇥̂ML(y) = argmax
⇥

py(u)(y;⇥)

py(u)(y|⇥)

⇥̂ML = ⇥̂ML(y,x) = argmax
⇥

py(u)|x(u)(y|x;⇥)

⇥̂ML = ⇥̂ML(y,x) = argmax
⇥

px(u),y(u)(x, y;⇥)

yn = wtxn + vn, n = 0, 1, . . . N � 1

y = Xw + v(u)

pv(u)(v) = NN (v;0;�2
vI)

c�K.M. Chugg - February 6, 2019– TITLE 18

y = wtx+ v(u)

p(v) = N (v; 0;�
2
v)

y = +1 () ỹ = 1

y = �1 () ỹ = 0

p(y = +1|x;w)

p(y = �1|x;w)
=

N (+1;wtx;�2
v)

N (�1;wtx;�2
v)

= exp


2

�2
v
wtx

�

L =
2

�2
v
wtx

ỹ(u) ⇠ Bernoulli(p)

p = p1 = �(wtx) =
1

1 + exp(�wtx)

(1� p) = p0 =
1

1 + exp(+wtx)

ỹn ⇠ Bernoulli(�(wtxn)) iid

p(y|X;w) =

N�1Y

n=0

p
ỹn
n [1� pn]

(1�ỹn)

=

N�1Y

n=0

p
I[yn=+1]
n [1� pn]

I[yn=�1]

pn = �(wtxn)

p
ỹn
n [1� pn)]

(1�ỹn)
=

(
pn ỹn = 1 (yn = +1)

1� pn ỹn = 0 (yn = �1)

NLL(w) = �

 
N�1X

n=0

ỹn log(pn) + (1� ỹn) log(1� pn)

!

= �

 
N�1X

n=0

ỹn log(�(w
txn)) + (1� ỹn) log((1� �(wtxn)))

!

=

N�1X

n=0

log
�
1 + exp

⇥
�ynw

txn
⇤�

Only this binary cross-entropy and the multi-class cross-entropy (next slide) 
are called “cross entropy” typically, the first example is called MSE loss in the deep  

learning frameworks/literature

here, our p-data was a 
point-mass pmf
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ML Estimation and Information Theory

Example:

c�K.M. Chugg - February 4, 2019– TITLE 2

max
⇥

pmodel(y|X;⇥) () min
✓

(� log(pmodel(y|X;⇥)))

() min
✓

 
�

N�1X

n=0

log(pmodel(yn|xn;⇥))

!
( iid yn assumed)

() min
✓

 
�1

N

N�1X

n=0

log(pmodel(yn|xn;⇥))

!
(empirical Cross-Entropy)

max
w

py(u)|X(u)(y|X;w) () min
w

ky �Xwk2

max
w

py(u)|X(u)(y|X;w) () min
w

BCE(pdata, pmodel;w)

yn = m, with probability pm, m = 0, 1, 2, . . .M � 1, i.i.d.

max
w

py(u)|X(u)(y|X;w) () min
w

MCE(pdata, pmodel;w)

MCE(pdata, pmodel(w)) =
�1

N

N�1X

n=0

yn log(pmodel(yn;w))

M-value model, 
CE is multi 
category 

empirical CE

c�K.M. Chugg - February 4, 2019– TITLE 20

pdata(y|x) = data distribution of the data (typically unknown)

pmodel(y|x;⇥) = modeled distribution of the data (function of parameters)

CE(pdata, pmodel(⇥)) = Epdata(y|x)

⇢
log

✓
1

pmodel(y(u)|x(u);⇥)

◆�

⇡ h� log (pmodel(y|x;⇥)) iD

=
�1

N

N�1X

n=0

log(pmodel(yn|xn;⇥))

max
⇥

pmodel(y|X;⇥) () min
✓

(� log(pmodel(y|X;⇥)))

() min
✓

 
�

N�1X

n=0

log(pmodel(yn|xn;⇥))

!
( iid yn assumed)

() min
✓

 
�1

N

N�1X

n=0

log(pmodel(yn|xn;⇥))

!
(empirical Cross-Entropy)

max
w

py(u)|X(u)(y|X;w) () min
w

ky �Xwk
2

max
w

py(u)|X(u)(y|X;w) () min
w

BCE(pdata, pmodel;w)

yn = m, with probability pm, m = 0, 1, 2, . . .M � 1, i.i.d.

max
w

py(u)|X(u)(y|X;w) () min
w

MCE(pdata, pmodel;w)

MCE(pdata, pmodel(w)) =
�1

N

N�1X

n=0

M�1X

m=0

I[yn = m] log(pmodel(yn = m;w))

8 Su�cient Statistics

p(z1, z2|d) = p(z1|z2, d)p(z2|d)

p(z1|z2, d) = p(z1|z2)

p(z,g(z)|d) = p(z|g(z), d)p(g(z)|d)

= p(z|g(z))p(g(z)|d)

⌘ p(g(z)|d)

c�K.M. Chugg - February 6, 2019– TITLE 20

pdata(y|x) = data distribution of the data (typically unknown)

pmodel(y|x;⇥) = modeled distribution of the data (function of parameters)

CE(pdata, pmodel(⇥)) = Epdata(y|x)

⇢
log

✓
1

pmodel(y(u)|x(u);⇥)

◆�

⇡ h� log (pmodel(y|x;⇥)) iD

=
�1

N

N�1X

n=0

log(pmodel(yn|xn;⇥))

max
⇥

pmodel(y|X;⇥) () min
✓

(� log(pmodel(y|X;⇥)))

() min
✓

 
�

N�1X

n=0

log(pmodel(yn|xn;⇥))

!
( iid yn assumed)

() min
✓

 
�1

N

N�1X

n=0

log(pmodel(yn|xn;⇥))

!
(empirical Cross-Entropy)

max
w

py(u)|X(u)(y|X;w) () min
w

ky �Xwk
2

max
w

py(u)|X(u)(y|X;w) () min
w

BCE(pdata, pmodel;w)

yn = m, with probability pm = softmaxm(Wxn), m = 0, 1, 2, . . .M � 1, i.i.d.

max
w

py(u)|X(u)(y|X;w) () min
w

MCE(pdata, pmodel;w)

MCE(pdata, pmodel(w)) =
�1

N

N�1X

n=0

M�1X

m=0

I[yn = m] log(pmodel(yn = m;w))

8 Su�cient Statistics

p(z1, z2|d) = p(z1|z2, d)p(z2|d)

p(z1|z2, d) = p(z1|z2)

p(z,g(z)|d) = p(z|g(z), d)p(g(z)|d)

= p(z|g(z))p(g(z)|d)

⌘ p(g(z)|d)

• Labels are usually “one-hot” (p_data is a point mass) — “hard labels”

• Like this: p(cat)=1, p(dog)=0, p(bird)=0

• Not this: p(cat)=0.9, p(dog)=0.15, p(bird)=0.05

c�K.M. Chugg - February 3, 2020– TITLE 20

pdata(y|x) = data distribution of the data (typically unknown)

pmodel(y|x;⇥) = modeled distribution of the data (function of parameters)

CE(pdata, pmodel(⇥)) = Epdata(y|x)

⇢
log

✓
1

pmodel(y(u)|x(u);⇥)

◆�

⇡ h� log (pmodel(y|x;⇥)) iD

=
�1

N

N�1X

n=0

log(pmodel(yn|xn;⇥))

max
⇥

pmodel(y|X;⇥) () min
✓

(� log(pmodel(y|X;⇥)))

() min
✓

 
�

N�1X

n=0

log(pmodel(yn|xn;⇥))

!
( iid yn assumed)

() min
✓

 
�1

N

N�1X

n=0

log(pmodel(yn|xn;⇥))

!
(empirical Cross-Entropy)

max
w

py(u)|X(u)(y|X;w) () min
w

ky �Xwk
2

max
w

py(u)|X(u)(y|X;w) () min
w

BCE(pdata, pmodel;w)

yn = m, with probability pm = softmaxm(Wx), m = 0, 1, 2, . . .M � 1, i.i.d.

softmaxm(v) =
e
vm

PM�1
j=0 evj

max
w

py(u)|X(u)(y|X;w) () min
w

MCE(pdata, pmodel;w)

MCE(pdata, pmodel(w)) =
�1

N

N�1X

n=0

M�1X

m=0

I[yn = m] log(pmodel(yn = m;w))

Loss =
�1

3
[log(0.5) + log(1) + log(0.4)]

direct generalization of logistic function 
— maps log-likelihoods to pmf
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Multi-class Cross Entropy Example

c�K.M. Chugg - February 4, 2019– TITLE 20

pdata(y|x) = data distribution of the data (typically unknown)

pmodel(y|x;⇥) = modeled distribution of the data (function of parameters)

CE(pdata, pmodel(⇥)) = Epdata(y|x)

⇢
log

✓
1

pmodel(y(u)|x(u);⇥)

◆�

⇡ h� log (pmodel(y|x;⇥)) iD

=
�1

N

N�1X

n=0

log(pmodel(yn|xn;⇥))

max
⇥

pmodel(y|X;⇥) () min
✓

(� log(pmodel(y|X;⇥)))

() min
✓

 
�

N�1X

n=0

log(pmodel(yn|xn;⇥))

!
( iid yn assumed)

() min
✓

 
�1

N

N�1X

n=0

log(pmodel(yn|xn;⇥))

!
(empirical Cross-Entropy)

max
w

py(u)|X(u)(y|X;w) () min
w

ky �Xwk
2

max
w

py(u)|X(u)(y|X;w) () min
w

BCE(pdata, pmodel;w)

yn = m, with probability pm, m = 0, 1, 2, . . .M � 1, i.i.d.

max
w

py(u)|X(u)(y|X;w) () min
w

MCE(pdata, pmodel;w)

MCE(pdata, pmodel(w)) =
�1

N

N�1X

n=0

M�1X

m=0

I[yn = m] log(pmodel(yn = m;w))

8 Su�cient Statistics

p(z1, z2|d) = p(z1|z2, d)p(z2|d)

p(z1|z2, d) = p(z1|z2)

p(z,g(z)|d) = p(z|g(z), d)p(g(z)|d)

= p(z|g(z))p(g(z)|d)

⌘ p(g(z)|d)

One hot encoding:
cat: 0
dog: 1
bird: 2

Sample data labels: n=0: y=1 (dog)
n=1: y=2 (bird)
n=2: y=0 (cat)

Classifier Output: n=0: [ 0.3, 0.5, 0.2]
n=1: [ 0, 0, 1]
n=2: [ 0.4, 0.5, 0.1]

[ p(cat), p(dog), p(bird) ]

c�K.M. Chugg - January 29, 2020– TITLE 20

pdata(y|x) = data distribution of the data (typically unknown)

pmodel(y|x;⇥) = modeled distribution of the data (function of parameters)

CE(pdata, pmodel(⇥)) = Epdata(y|x)

⇢
log

✓
1

pmodel(y(u)|x(u);⇥)

◆�

⇡ h� log (pmodel(y|x;⇥)) iD

=
�1

N

N�1X

n=0

log(pmodel(yn|xn;⇥))

max
⇥

pmodel(y|X;⇥) () min
✓

(� log(pmodel(y|X;⇥)))

() min
✓

 
�

N�1X

n=0

log(pmodel(yn|xn;⇥))

!
( iid yn assumed)

() min
✓

 
�1

N

N�1X

n=0

log(pmodel(yn|xn;⇥))

!
(empirical Cross-Entropy)

max
w

py(u)|X(u)(y|X;w) () min
w

ky �Xwk
2

max
w

py(u)|X(u)(y|X;w) () min
w

BCE(pdata, pmodel;w)

yn = m, with probability pm, m = 0, 1, 2, . . .M � 1, i.i.d.

max
w

py(u)|X(u)(y|X;w) () min
w

MCE(pdata, pmodel;w)

MCE(pdata, pmodel(w)) =
�1

N

N�1X

n=0

M�1X

m=0

I[yn = m] log(pmodel(yn = m;w))

Loss =
�1

3
[log(0.5) + log(1) + log(0.4)]

8 Su�cient Statistics

p(z1, z2|d) = p(z1|z2, d)p(z2|d)

p(z1|z2, d) = p(z1|z2)
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Detection, Estimation, Regression

99

MMSE Estimation

Linear/Affine MMSE Est.

FIR Wiener filtering

general regression

linear LS regression

stochastic gradient and batches

Bayesian decision theory

Hard decisions

soft decisions (APP)

Classification from data

linear classifier

logistic regression (perceptron)

ML/MAP parameter 
estimation

regularization

Karhunen-Loeve expansion

sufficient statistics

PCA

feature design

working with data

neural networks

for regression and classification

learning with SGD

GD, SGD, LMS

statistical models data driven 
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z2 can be used to perform inference on d without a loss of information

reversible 
operation

z1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

z2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

This may complicate or simplify, but, for example, the Max-Likelihood 
processing will yield same results



© Keith M. Chugg, 2019

Theorem of Irrelevance

101

Suppose we have two observations

If the following holds

Then we say that z1 is irrelevant given z2 for the purposes of 
inferring d (i.e., detection/estimation)

⇥̂ML = ⇥̂ML(y) = argmax
⇥

py(u)(y;⇥)

py(u)(y|⇥)

⇥̂ML = ⇥̂ML(y,x) = argmax
⇥

py(u)|x(u)(y|x;⇥)

yn = wtxn + vn, n = 0, 1, . . . N � 1

y = Xw + v(u)

pv(u)(v) = NN (v;0;�2
v)

py(u)|x(u)(y|x;w) = pv(u)(y �Xw) = NN (y;Xw;�2
v)

NLL(w) = � ln
�
py(u)(y|x;w)

�

= � ln

✓
1

(2⇡�v)N/2
exp


�1

2�2
v
ky �Xwk2

�◆

=
1

2�2
v
ky �Xwk2 + N

2
ln(2⇡�v)

max
w

py(u)|x(u)(y|x;w) () min
w

ky �Xwk2

1 Su�cient Statistics

p(z1, z2|d) = p(z1|z2, d)p(z2|d)

p(z1|z2, d) = p(z1|z2)

⇥̂ML = ⇥̂ML(y) = argmax
⇥

py(u)(y;⇥)

py(u)(y|⇥)

⇥̂ML = ⇥̂ML(y,x) = argmax
⇥

py(u)|x(u)(y|x;⇥)

yn = wtxn + vn, n = 0, 1, . . . N � 1

y = Xw + v(u)

pv(u)(v) = NN (v;0;�2
v)

py(u)|x(u)(y|x;w) = pv(u)(y �Xw) = NN (y;Xw;�2
v)

NLL(w) = � ln
�
py(u)(y|x;w)

�

= � ln

✓
1

(2⇡�v)N/2
exp


�1

2�2
v
ky �Xwk2

�◆

=
1

2�2
v
ky �Xwk2 + N

2
ln(2⇡�v)

max
w

py(u)|x(u)(y|x;w) () min
w

ky �Xwk2

1 Su�cient Statistics

p(z1, z2|d) = p(z1|z2, d)p(z2|d)

p(z1|z2, d) = p(z1|z2)

This means that z1 can be thrown away if we have z2 without loss of 
information for the purposes of inferring d

some irreversible operation are ok!



© Keith M. Chugg, 2019

Set of Sufficient Statistics

102

A set of sufficient statistics for inferring d is a function of the 
observation that makes the observation irrelevant

Example:

{ztsm}M�1
m=0 is a set of su�cient stats for the vector AWGN channel

Note: this can be a large reduction in the number of 
dimensions without any loss of optimality

sufficient statistics are the ideal features

p(z1, z2|d) = p(z1|z2, d)p(z2|d)

p(z1|z2, d) = p(z1|z2)

p(z,g(z)|d) = p(z|g(z), d)p(g(z)|d)

= p(z|g(z))p(g(z)|d)

⌘ p(g(z)|d)
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EXAMPLE: Binary MAP Decisions (equal priors)

s0

s1

d/2

d/2
Decision boundary is the perpendicular bisector of (s1 � s0)

s0

s1

d/2

d/2

Contours of fz(u)(z|H0)

Error probability given 
hypothesis 0 is the probability 
that noise throws observation 

over decision boundary

(s1 � s0)
tz

H1
>
<
H0

ks1k2 � ks0k2 �N0 ln(⇡1/⇡0)

2
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Note: the original dimension may be 2 or 1,000,000 and the 
sufficient stat still has only dimension 1.  

sufficient statistics are the ideal features

p(z1, z2|d) = p(z1|z2, d)p(z2|d)

p(z1|z2, d) = p(z1|z2)

p(z,g(z)|d) = p(z|g(z), d)p(g(z)|d)

= p(z|g(z))p(g(z)|d)

⌘ p(g(z)|d)

g(z) = zt(s1 � s0)

this reduces the observation to the essential information relevant 
to inferring between the two possibilities from the observation

(aside: the performance is not a function of dimension either in this case)

definitely not reversible!
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I am going to delay this a bit…  
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MMSE Estimation

Linear/Affine MMSE Est.

FIR Wiener filtering

general regression

linear LS regression

stochastic gradient and batches

Bayesian decision theory

Hard decisions

soft decisions (APP)

Classification from data

linear classifier

logistic regression (perceptron)

ML/MAP parameter 
estimation

regularization

Karhunen-Loeve expansion

sufficient statistics

PCA

feature design

working with data

neural networks

for regression and classification

learning with SGD

GD, SGD, LMS

statistical models data driven 
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MAP Estimation (parameter estimation)

Theta is a parameter set with a known/modeled a priori distribution:

May be based on a conditional or joint distribution:

⇥̂MAP = ⇥̂MAP (y) = argmax
✓

py(u)|⇥(u)(y|✓) p⇥(u)(✓)

⇥̂MAP = ⇥̂MAP (y,x) = argmax
✓

py(u)|x(u),⇥(u)(y|x, ✓) p⇥(u)|x(u)(✓|x)

⇥̂MAP = ⇥̂MAP (y,x) = argmax
✓

py(u),x(u),⇥(u)(y,x, ✓) p⇥(u)(✓)

yn = wtxn + vn, n = 0, 1, . . . N � 1

y = Xw + v(u)

pv(u)(v) = NN (v;0;�2
v)

pw(u)(w) = ND(w;0;�2
w)

py(u)|x(u),w(u)(y|x,w) = pv(u)|w(u)(y �Xw) = pv(u)(y �Xw)

= NN (y;Xw;�2
v)

� ln
⇥
py(u)|x(u),w(u)(y|x,w)pw(u)(w) = ND(w;0;�2

w)
⇤
=


1

2�2
v
ky �Xwk2 + D

2
ln(2⇡�2

v)

�

+


1

2�2
w
kwk2 + N

2
ln(2⇡�2

w)

�

⌘ ky �Xwk2 + �kwk2

� =
�2
v

�2
w

max
w

py(u)|x(u)(y|x;w) () min
w

ky �Xwk2

like ML, but with a prior distribution on Theta

⇥̂MAP = ⇥̂MAP (y) = argmax
✓

py(u)|⇥(u)(y|✓) p⇥(u)(✓)

⇥̂MAP = ⇥̂MAP (y,x) = argmax
✓

py(u)|x(u),⇥(u)(y|x, ✓) p⇥(u)|x(u)(✓|x)

⇥̂MAP = ⇥̂MAP (y,x) = argmax
✓

py(u),x(u),⇥(u)(y,x, ✓) p⇥(u)(✓)

yn = wtxn + vn, n = 0, 1, . . . N � 1

y = Xw + v(u)

pv(u)(v) = NN (v;0;�2
v)

pw(u)(w) = ND(w;0;�2
w)

py(u)|x(u),w(u)(y|x,w) = pv(u)|w(u)(y �Xw) = pv(u)(y �Xw)

= NN (y;Xw;�2
v)

� ln
⇥
py(u)|x(u),w(u)(y|x,w)pw(u)(w) = ND(w;0;�2

w)
⇤
=


1

2�2
v
ky �Xwk2 + D

2
ln(2⇡�2

v)

�

+


1

2�2
w
kwk2 + N

2
ln(2⇡�2

w)

�

⌘ ky �Xwk2 + �kwk2

� =
�2
v

�2
w

max
w

py(u)|x(u)(y|x;w) () min
w

ky �Xwk2
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Example of MAP estimation

Assumed model:

Find the negative log of this…

 assume that w and v 
are independent

c�K.M. Chugg - February 4, 2019– TITLE 21

g(z) = zt(s1 � s0)

8.0.1 MAP Estimation

⇥̂MAP = ⇥̂MAP (y) = argmax
✓

py(u)|⇥(u)(y|✓) p⇥(u)(✓)

⇥̂MAP = ⇥̂MAP (y,x) = argmax
✓

py(u)|x(u),⇥(u)(y|x, ✓) p⇥(u)|x(u)(✓|x)

⇥̂MAP = ⇥̂MAP (y,x) = argmax
✓

py(u),x(u),⇥(u)(y,x, ✓) p⇥(u)(✓)

yn = wtxn + vn, n = 0, 1, . . . N � 1

y = Xw + v(u)

pv(u)(v) = NN (v;0;�2
vI)

pw(u)(w) = ND(w;0;�2
wI)

py(u)|x(u),w(u)(y|x,w) = pv(u)|w(u)(y �Xw) = pv(u)(y �Xw)

= NN (y;Xw;�
2
v)

� ln
⇥
py(u)|x(u),w(u)(y|x,w)pw(u)(w) = ND(w;0;�2

w)
⇤
=


1

2�2
v
ky �Xwk

2
+

D

2
ln(2⇡�

2
v)

�

+


1

2�2
w
kwk

2
+

N

2
ln(2⇡�

2
w)

�

⌘ ky �Xwk
2
+ �kwk

2

� =
�
2
v

�2
w

max
✓

py(u)|x(u),⇥(u)(y|x, ✓) p⇥(u)|x(u)(✓|x) () min
w

ky �Xwk
2
+ �kwk

2

min
w

ky �Xwk
2
+ �kwk1

kwk1 =
X

i

|wi|

c�K.M. Chugg - February 4, 2019– TITLE 21

g(z) = zt(s1 � s0)

8.0.1 MAP Estimation

⇥̂MAP = ⇥̂MAP (y) = argmax
✓

py(u)|⇥(u)(y|✓) p⇥(u)(✓)

⇥̂MAP = ⇥̂MAP (y,x) = argmax
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py(u)|x(u),⇥(u)(y|x, ✓) p⇥(u)|x(u)(✓|x)

⇥̂MAP = ⇥̂MAP (y,x) = argmax
✓

py(u),x(u),⇥(u)(y,x, ✓) p⇥(u)(✓)

yn = wtxn + vn, n = 0, 1, . . . N � 1

y = Xw + v(u)

pv(u)(v) = NN (v;0;�2
vI)

pw(u)(w) = ND(w;0;�2
wI)

py(u)|X(u),w(u)(y|X,w) = pv(u)|w(u)(y �Xw)

= pv(u)(y �Xw)

= NN (y;Xw;�
2
vI)

� ln
⇥
py(u)|X(u),w(u)(y|x,w)pw(u)(w)

⇤
= � ln

⇥
NN (y;Xw;�

2
vI)ND(w;0;�2

wI)
⇤

=


1

2�2
v
ky �Xwk

2
+

D

2
ln(2⇡�

2
v)

�

+


1

2�2
w
kwk

2
+

N

2
ln(2⇡�

2
w)

�

⌘ ky �Xwk
2
+ �kwk

2

� =
�
2
v

�2
w

max
✓

py(u)|x(u),⇥(u)(y|x, ✓) p⇥(u)|x(u)(✓|x) () min
w

ky �Xwk
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+ �kwk

2

min
w

ky �Xwk
2
+ �kwk1

kwk1 =
X

i

|wi|
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g(z) = zt(s1 � s0)

8.0.1 MAP Estimation

⇥̂MAP = ⇥̂MAP (y) = argmax
✓

py(u)|⇥(u)(y|✓) p⇥(u)(✓)

⇥̂MAP = ⇥̂MAP (y,x) = argmax
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= NN (y;Xw;�
2
vI)

� ln
⇥
py(u)|X(u),w(u)(y|x,w)pw(u)(w)

⇤
= � ln

⇥
NN (y;Xw;�

2
vI)ND(w;0;�2

wI)
⇤

=


1

2�2
v
ky �Xwk
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+
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ln(2⇡�

2
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�
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
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2�2
w
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N

2
ln(2⇡�
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�

⌘ ky �Xwk
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�
2
v

�2
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✓

py(u)|x(u),⇥(u)(y|x, ✓) p⇥(u)|x(u)(✓|x) () min
w

ky �Xwk
2
+ �kwk

2

min
w

ky �Xwk
2
+ �kwk1

kwk1 =
X

i

|wi|

now, we model w as 
w(u) — i.e., model the weights 
as random with some known 

distribution
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Example of MAP estimation

Assumed model:

Find the negative log of this…

 assume that w and v 
are independent
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|wi|

c�K.M. Chugg - February 4, 2019– TITLE 21

g(z) = zt(s1 � s0)

8.0.1 MAP Estimation

⇥̂MAP = ⇥̂MAP (y) = argmax
✓

py(u)|⇥(u)(y|✓) p⇥(u)(✓)

⇥̂MAP = ⇥̂MAP (y,x) = argmax
✓

py(u)|x(u),⇥(u)(y|x, ✓) p⇥(u)|x(u)(✓|x)

⇥̂MAP = ⇥̂MAP (y,x) = argmax
✓

py(u),x(u),⇥(u)(y,x, ✓) p⇥(u)(✓)

yn = wtxn + vn, n = 0, 1, . . . N � 1

y = Xw + v(u)
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vI)

pw(u)(w) = ND(w;0;�2
wI)

py(u)|X(u),w(u)(y|X,w) = pv(u)|w(u)(y �Xw)
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The a-priori Gaussian distribution on the weights leads to “L2 regularization”

penalizes large w — even if large w cause smaller squared error

this can be viewed a method to combat over-fitting

lamba is called the regularization coefficient in this context 

Larger lambda ==> penalize larger weights more aggressively (at expense of SE)

⇥̂MAP = ⇥̂MAP (y) = argmax
✓

py(u)|⇥(u)(y|✓) p⇥(u)(✓)

⇥̂MAP = ⇥̂MAP (y,x) = argmax
✓

py(u)|x(u),⇥(u)(y|x, ✓) p⇥(u)|x(u)(✓|x)

⇥̂MAP = ⇥̂MAP (y,x) = argmax
✓

py(u),x(u),⇥(u)(y,x, ✓) p⇥(u)(✓)

yn = wtxn + vn, n = 0, 1, . . . N � 1

y = Xw + v(u)

pv(u)(v) = NN (v;0;�2
v)

pw(u)(w) = ND(w;0;�2
w)

py(u)|x(u),w(u)(y|x,w) = pv(u)|w(u)(y �Xw) = pv(u)(y �Xw)

= NN (y;Xw;�2
v)

� ln
⇥
py(u)|x(u),w(u)(y|x,w)pw(u)(w) = ND(w;0;�2

w)
⇤
=
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2�2
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2
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2�2
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2
ln(2⇡�2
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�

⌘ ky �Xwk2 + �kwk2

� =
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�2
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max
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py(u)|x(u),⇥(u)(y|x, ✓) p⇥(u)|x(u)(✓|x) () min
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ky �Xwk2 + �kwk2
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Another popular type of regularizer is “L1 regularizer”

for example, for squared-error cost function with L1 regularization:

⇥̂MAP = ⇥̂MAP (y) = argmax
✓

py(u)|⇥(u)(y|✓) p⇥(u)(✓)

⇥̂MAP = ⇥̂MAP (y,x) = argmax
✓

py(u)|x(u),⇥(u)(y|x, ✓) p⇥(u)|x(u)(✓|x)

⇥̂MAP = ⇥̂MAP (y,x) = argmax
✓

py(u),x(u),⇥(u)(y,x, ✓) p⇥(u)(✓)

yn = wtxn + vn, n = 0, 1, . . . N � 1

y = Xw + v(u)

pv(u)(v) = NN (v;0;�2
v)

pw(u)(w) = ND(w;0;�2
w)

py(u)|x(u),w(u)(y|x,w) = pv(u)|w(u)(y �Xw) = pv(u)(y �Xw)

= NN (y;Xw;�2
v)

� ln
⇥
py(u)|x(u),w(u)(y|x,w)pw(u)(w) = ND(w;0;�2
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⇤
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w

ky �Xwk2 + �kwk1

kwk1 =
X
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|wi|

⇥̂MAP = ⇥̂MAP (y) = argmax
✓

py(u)|⇥(u)(y|✓) p⇥(u)(✓)

⇥̂MAP = ⇥̂MAP (y,x) = argmax
✓

py(u)|x(u),⇥(u)(y|x, ✓) p⇥(u)|x(u)(✓|x)

⇥̂MAP = ⇥̂MAP (y,x) = argmax
✓

py(u),x(u),⇥(u)(y,x, ✓) p⇥(u)(✓)

yn = wtxn + vn, n = 0, 1, . . . N � 1

y = Xw + v(u)

pv(u)(v) = NN (v;0;�2
v)

pw(u)(w) = ND(w;0;�2
w)

py(u)|x(u),w(u)(y|x,w) = pv(u)|w(u)(y �Xw) = pv(u)(y �Xw)

= NN (y;Xw;�2
v)

� ln
⇥
py(u)|x(u),w(u)(y|x,w)pw(u)(w) = ND(w;0;�2

w)
⇤
=


1

2�2
v
ky �Xwk2 + D

2
ln(2⇡�2

v)

�

+


1

2�2
w
kwk2 + N

2
ln(2⇡�2

w)

�

⌘ ky �Xwk2 + �kwk2

� =
�2
v

�2
w

max
✓

py(u)|x(u),⇥(u)(y|x, ✓) p⇥(u)|x(u)(✓|x) () min
w

ky �Xwk2 + �kwk2

min
w

ky �Xwk2 + �kwk1

kwk1 =
X

i

|wi|

Questions: 

- does this correspond to an a-priori distribution on the weights?

- If so, which one?

- Qualitatively, what is the difference between L1 and L2 regularization?
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What is regularization and why do it?

We have seen an example: enforce penalty on weights to bias toward a prior distribution.  

Not all regularization methods can be viewed this way

effect is to reduce over-fitting (get smaller weights)

in some cases, intuitive, empirical penalty enforcing functions are used

What is a more general definition of regularization?
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in the end, we do not really care about the performance on the dataset we have 
(it is labeled, after all)

optimize on 
some dataset

will it work on 
different data 
(with same 
statistical 
model)?

will it work on 
similar data, 

but from 
different 
models 

(ostensibly)?

D
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generalization

accuracy

we care about performance on similar data that has no labels

Accuracy/Generalization trade-off (aka bias-variance trade):

generally, optimizing accuracy to the extreme will cause reduced generalization 
capability
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optimize on 
some dataset

will it work on 
different data 
(with same 
statistical 
model)?

will it work on 
similar data, 

but from 
different 
models 

(ostensibly)?

D
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generalization

accuracy

Accuracy/Generalization trade-off (aka bias-variance trade):

generally, optimizing accuracy to the extreme will cause reduced generalization capability

extreme ML case:

just make a table of (x_n, y_n)

perfect accuracy, but no ability to generalize!
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1.1. Example: Polynomial Curve Fitting 7
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Figure 1.4 Plots of polynomials having various orders M , shown as red curves, fitted to the data set shown in
Figure 1.2.

(RMS) error defined by
ERMS =

√
2E(w!)/N (1.3)

in which the division by N allows us to compare different sizes of data sets on
an equal footing, and the square root ensures that ERMS is measured on the same
scale (and in the same units) as the target variable t. Graphs of the training and
test set RMS errors are shown, for various values of M , in Figure 1.5. The test
set error is a measure of how well we are doing in predicting the values of t for
new data observations of x. We note from Figure 1.5 that small values of M give
relatively large values of the test set error, and this can be attributed to the fact that
the corresponding polynomials are rather inflexible and are incapable of capturing
the oscillations in the function sin(2πx). Values of M in the range 3 ! M ! 8
give small values for the test set error, and these also give reasonable representations
of the generating function sin(2πx), as can be seen, for the case of M = 3, from
Figure 1.4.

[Bishop]

under-fitting

over-fitting

Choosing the right model (complexity) is challenging given a finite 
data set and no good model for what generated it!!!

desired behavior
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(training-)training: use this for SGD learning — trainable parameters

(training-)validation: use this for SGD learning — hyper-parameters

test: only use this when you are done to verify

learning rate, batch size, 
etc.

weights, biases

training

test

training

validation

test

mini-batches

mini-batches

mini-batches

mini-batches

validation

test
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Typical Train/Val/Test split:

70/15/15

need your val and test splits to be large enough to capture natural variation in the data

need your val and test splits to be large enough to allow reliable classification error estimation

want lots of data
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good practice to shuffle all of the data once before the train/val/test split

mini-batches

mini-batches

mini-batches

mini-batches

validation

test

mini-batches

mini-batches

mini-batches

mini-batches

validation

test

shuffle data

shuffle all data in training (not including validation) after each epoch

perm = np.random.permutation(N_train)
x_train = x_train[perm]
y_train = y_train[perm]
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(mini)-batch: do one SGD update (averaging) per mini-batch

(mini)-batch size: number of data examples per mini-batch

epoch: one training run through all of the training data

iteration: number of mini-batches per epoch

typically, we “test” the model on the validation data at the end of each epoch
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Example

100,000 total (x_n, y_n) 

70,000 train

15,00 test
15,000 val

(shuffle it all once)

batch size = 70:

1000 mini-batches in the training data (1000 iterations per epoch)

1000 gradient updates in an epoch, each averaged over 70 samples

these are typically processed serially: batch 1, batch 2, etc.

gradient updates are serial

(can change with many parallel compute nodes)

run inference (forward only) on val data after each epoch

monitor learning curve, iteration hyper-hyper-parameter search… 

when done, run on test
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typical over-fitting

val
training

epochs

MSE val
training

epochs

MSE

desired behavior 

Better performance on training and worse or non-improving 
on val (for Prob Correct classification, it gets higher)
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What is regularization and why do it?

We have seen an example: enforce penalty on weights to bias toward a prior distribution.  

Not all regularization methods can be viewed this way

effect is to reduce over-fitting (get smaller weights)

in some cases, intuitive, empirical penalty enforcing functions are used

What is a more general definition of regularization?

regularization is anything you do in training that is aimed at 
improving generalization over accuracy — i.e., anything that does 

not optimize the cost on the training data

we will see very different versions of this — e.g., drop-out
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• Random vectors

• Eigenvalues of covariance matrix provides information regarding direction 
preferences (principle components)

• May drop directions with very little energy/power

• Estimation

• MMSE estimator is conditional expectation — difficult to find

• Linear/Affine MMSE is simple and only depends on second moments

• For jointly-Gaussian observed/desired, affine is optimal

• Detection

• MAP rule is minimum error probability. 

• Requires complete statistical description
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• Regression (from data)

• Linear regression is same as affine/linear MMSE estimation, but with data 
averaging replacing ensemble averaging

• Stacking interpretation

• ML parameter interpretation 

• MAP parameter interpretation for regularization

• Classification (form data)

• Linear classifier: linear regression with +/- 1 target and “slicer”

• Logistic regression

• Information Theory:

• ML parameter estimation ==> Empirical Cross-entropy loss function

• Only called CE for classification tasks
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ECE 562:  Covariance/Correlation, KLT, random vectors, sequences, waveforms, MMSE estimation

ECE 563:  ML, MAP estimation, Kalman Filters, Least Squares, Recursive Least Squares, Consistency, Unbiased, etc., 
Decision theory

ECE 565:  Information theory, limits of information storage and transmission

ECE 517:  Statistics, regression, logistic regression, EM algorithm, Monte Carlo methods

ECE 583:  LMS algorithm and spectral estimation

ECE 588:  Gradient descent, SGD, more advanced numerical optimization, convex optimization, constrained optimization

ECE 564:  decision theory and (loopy) belief propagation, digital comm/coding

ECE 559:  most overlap with this class, less neural networks, more detail on material up until this point + SVMs

ECE 660: also overlap with this class, unsupervised learning, decision trees, boot-strap, SVMs, etc.

ECE 500: neural networks + related topics in statistics and inference including fuzzy logic

all of the above have less applied work, less python, etc.


