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Course Topic (from Syllabus)

• Overview of Comm/Coding

• Signal representation and Random Processes

• Optimal demodulation and decoding

• Uncoded modulations, demod, performance

• Classical FEC

• Modern FEC

• Non-AWGN channels (intersymbol interference)

• Practical consideration (PAPR, synchronization, spectral masks, etc.)

2



© Keith M. Chugg, 2015

“Signaling” Topics

• Complex baseband representation (deterministic)

• Signal space representation and dimensionality (deterministic)

• Common methods of digital modulation 

• Summary of some results from 562 

• Additive White Gaussian (AWGN) channel

• Complex baseband representation (random processes)

• Power spectral density of common digital modulations
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Complex Baseband Representation (Deterministic )
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passband signal

passband signal

baseband signal

examples of spectra of real-valued time domain signals

x(t) real () X(f) Hermitian Symmetric

symmetric 
around 0

symmetric around 0, 
symmetric around f_c

symmetric around 0, 
asymmetric around f_c
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Complex Baseband Representation (Deterministic )
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It is common and useful to think of an equivalent 
baseband signal for a given passband signal:

equivalent complex baseband signal

Why do this?

• Notational shorthand — do not 
need to keep writing cos(), sin()

• Simulation: don’t have to simulate at 
a sample rate of 2x f_c, just 2x 
bandwidth fo the signal

• Some signal processors / circuit 
building blocks support complex 
arithmetic directly

passband signal

equivalent complex 
baseband signal

can always get the passband signal back from complex 
baseband by exploiting Hermitian Symmetry 
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Complex Baseband Equivalent
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equivalent complex baseband signal (aka complex envelope)

x(t) real () X(f) Hermitian Symmetric

s(t) = A(t)
p
2 cos(2⇡fct+ ✓(t))

= [A(t) cos ✓(t)]
p
2 cos(2⇡fct)� [A(t) sin ✓(t)]

p
2 sin(2⇡fct)

= sI(t)
p
2 cos(2⇡fct)� sQ(t)

p
2 sin(2⇡fct)

= <
�
[sI(t) + jsQ(t)]

p
2ej2⇡fct

 

= <
�
s̄(t)

p
2ej2⇡fct

 

s̄(t) = sI(t) + jsQ(t) = A(t)ej✓(t)

A(t) =
q

s2I(t) + js2Q(t)

✓(t) = tan
�1

(sQ(t)/sI(t))

sI(t) = A(t) cos ✓(t)

sQ(t) = A(t) sin ✓(t)

x(t) real () X(f) Hermitian Symmetric

s(t) = A(t)
p
2 cos(2⇡fct+ ✓(t))

= [A(t) cos ✓(t)]
p
2 cos(2⇡fct)� [A(t) sin ✓(t)]

p
2 sin(2⇡fct)

= sI(t)
p
2 cos(2⇡fct)� sQ(t)

p
2 sin(2⇡fct)

= <
�
[sI(t) + jsQ(t)]

p
2ej2⇡fct

 

= <
�
s̄(t)

p
2ej2⇡fct

 

s̄(t) = sI(t) + jsQ(t) = A(t)ej✓(t)

A(t) =
q

s2I(t) + js2Q(t)

✓(t) = tan
�1

(sQ(t)/sI(t))

sI(t) = A(t) cos ✓(t)

sQ(t) = A(t) sin ✓(t)

passband signal

Narrowband assumption:  
bandwidth of s_i(t) and s_q(t) is much, much smaller than the carrier frequency
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Complex Baseband: Spectrum Relationship

7

Relation between FT of passband and complex BB signals?
f

<latexit sha1_base64="6sDhWVJdg9P3lQw5C28tps/TEi4=">AAACCXicbVDLSgMxFL3xWeurKrhxEyyKIJQZFdRdoZsuW7APaEvJpJk2NDMZkowwlH5Bcacf4k7c+hV+gmt/wPSxmdYDgcM5N/cejhcJro3jfKO19Y3Nre3MTnZ3b//gMHd0XNcyVpTVqBRSNT2imeAhqxluBGtGipHAE6zhDUtTv/HMlOYyfDJJxDoB6Yfc55QYK1X9bi7vFJwZ8CpxFyRfRC+nt+Xrn0o399vuSRoHLDRUEK1brhOZzogow6lg42w71iwidEj6bDSLN8YXVuphXyr7QoNnamqupEgiBZml1ekVJNA6CTy7JCBmoJe9qfif14qN/9AZ8TCKDQvpPIMfC2wkntaAe1wxakRiCaGK2/CYDogi1NiyUleGAR3bltzlTlZJ/abg3hUeq7auS5gjA2dwDlfgwj0UoQwVqAEFBhN4hTc0Qe/oA33OR9fQ4s8JpIC+/gD/Rp1S</latexit>
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<latexit sha1_base64="pxQcTHGa1gtnsJd21Kh1nNI+m0o=">AAACBXicbVDLSgMxFL3js9ZXdesmWJS6KTMiqCsL3bisYB/QlpJJM21oMhmSjDCUfkEXbvQv3Lhzq3/hd4h702k303ogcDjn5t7D8SPOtHHdb2dtfWNzazu3k9/d2z84LOSPGlrGitA6kVyqlo815SykdcMMp61IUSx8Tpv+qDrzm09UaSbDR5NEtCvwIGQBI9hY6cHtFYpu2U2BVom3IMW7t9Lv13PnotYr/HT6ksSChoZwrHXbcyPTHWNlGOF0ku/EmkaYjPCAjtN4E3RmpT4KpLIvNChVM3NVhRPJcZpWZ1dgoXUifLtEYDPUy95M/M9rxya46Y5ZGMWGhmSeIYg5MhLNakB9pigxPLEEE8VseESGWGFibFmZKyNBJrYlb7mTVdK4LHtX5dti5RzmyMEJnEIJPLiGCtxDDepAgMIUXuDVmTrvzsd8cM1Z/DiGDJzPPwy9nUA=</latexit>
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<latexit sha1_base64="XTxlx6n31Kiyt1cGUjK9yEnOYEE=">AAACC3icbVDLSgMxFL2pr1pfVcGNm2BRBKHMqKDuCt10WdE+oC0lk2ba0MxkSDJCKf2EbvVD3IlbP8JPcO0PmE67mdYDgcM5N/cejhcJro3jfKPM2vrG5lZ2O7ezu7d/kD88qmsZK8pqVAqpmh7RTPCQ1Qw3gjUjxUjgCdbwhuWZ33hhSnMZPptRxDoB6Yfc55QYKz35XdrNF5yikwCvEndBCiU0PbmpXP1Uu/nfdk/SOGChoYJo3XKdyHTGRBlOBZvk2rFmEaFD0mfjJOAEn1uph32p7AsNTtTUXFmRkRQkyavTK0ig9Sjw7JKAmIFe9mbif14rNv59Z8zDKDYspPMMfiywkXhWBO5xxagRI0sIVdyGx3RAFKHG1pW6MgzoxLbkLneySurXRfe2+PBo67qAObJwCmdwCS7cQQkqUIUaUOjDFF7hDU3RO/pAn/PRDFr8OYYU0NcfiaWeKA==</latexit>
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<latexit sha1_base64="4+3ggliesVc7+8zJuqUVpaBtGw8=">AAACDHicbVDLSgMxFL3xWeurKrhxEyyKIJYZFdRdoZsuK9gHtKVk0kwbmpkMSUYYSj/BbvVD3Ilb/8FPcO0PODPtZloPBA7n3Nx7OE4guDaW9Y1WVtfWNzZzW/ntnd29/cLBYUPLUFFWp1JI1XKIZoL7rG64EawVKEY8R7CmM6okfvOZKc2l/2SigHU9MvC5yykxiXTl9mivULRKVgq8TOw5KZbRy/FN9fKn1iv8dvqShh7zDRVE67ZtBaY7JspwKtgk3wk1CwgdkQEbpwkn+CyW+tiVKn6+wamamasoEklB0sA6u4J4WkeeEy/xiBnqRS8R//PaoXHvu2PuB6FhPp1lcEOBjcRJE7jPFaNGRDEhVPE4PKZDogg1cV+ZKyOPTuKW7MVOlknjumTflh4e47rOYYYcnMApXIANd1CGKtSgDhSGMIVXeENT9I4+0OdsdAXN/xxBBujrD/k2nl8=</latexit>

f

<latexit sha1_base64="6sDhWVJdg9P3lQw5C28tps/TEi4=">AAACCXicbVDLSgMxFL3xWeurKrhxEyyKIJQZFdRdoZsuW7APaEvJpJk2NDMZkowwlH5Bcacf4k7c+hV+gmt/wPSxmdYDgcM5N/cejhcJro3jfKO19Y3Nre3MTnZ3b//gMHd0XNcyVpTVqBRSNT2imeAhqxluBGtGipHAE6zhDUtTv/HMlOYyfDJJxDoB6Yfc55QYK1X9bi7vFJwZ8CpxFyRfRC+nt+Xrn0o399vuSRoHLDRUEK1brhOZzogow6lg42w71iwidEj6bDSLN8YXVuphXyr7QoNnamqupEgiBZml1ekVJNA6CTy7JCBmoJe9qfif14qN/9AZ8TCKDQvpPIMfC2wkntaAe1wxakRiCaGK2/CYDogi1NiyUleGAR3bltzlTlZJ/abg3hUeq7auS5gjA2dwDlfgwj0UoQwVqAEFBhN4hTc0Qe/oA33OR9fQ4s8JpIC+/gD/Rp1S</latexit>

0

<latexit sha1_base64="pxQcTHGa1gtnsJd21Kh1nNI+m0o=">AAACBXicbVDLSgMxFL3js9ZXdesmWJS6KTMiqCsL3bisYB/QlpJJM21oMhmSjDCUfkEXbvQv3Lhzq3/hd4h702k303ogcDjn5t7D8SPOtHHdb2dtfWNzazu3k9/d2z84LOSPGlrGitA6kVyqlo815SykdcMMp61IUSx8Tpv+qDrzm09UaSbDR5NEtCvwIGQBI9hY6cHtFYpu2U2BVom3IMW7t9Lv13PnotYr/HT6ksSChoZwrHXbcyPTHWNlGOF0ku/EmkaYjPCAjtN4E3RmpT4KpLIvNChVM3NVhRPJcZpWZ1dgoXUifLtEYDPUy95M/M9rxya46Y5ZGMWGhmSeIYg5MhLNakB9pigxPLEEE8VseESGWGFibFmZKyNBJrYlb7mTVdK4LHtX5dti5RzmyMEJnEIJPLiGCtxDDepAgMIUXuDVmTrvzsd8cM1Z/DiGDJzPPwy9nUA=</latexit>

fc

<latexit sha1_base64="XTxlx6n31Kiyt1cGUjK9yEnOYEE=">AAACC3icbVDLSgMxFL2pr1pfVcGNm2BRBKHMqKDuCt10WdE+oC0lk2ba0MxkSDJCKf2EbvVD3IlbP8JPcO0PmE67mdYDgcM5N/cejhcJro3jfKPM2vrG5lZ2O7ezu7d/kD88qmsZK8pqVAqpmh7RTPCQ1Qw3gjUjxUjgCdbwhuWZ33hhSnMZPptRxDoB6Yfc55QYKz35XdrNF5yikwCvEndBCiU0PbmpXP1Uu/nfdk/SOGChoYJo3XKdyHTGRBlOBZvk2rFmEaFD0mfjJOAEn1uph32p7AsNTtTUXFmRkRQkyavTK0ig9Sjw7JKAmIFe9mbif14rNv59Z8zDKDYspPMMfiywkXhWBO5xxagRI0sIVdyGx3RAFKHG1pW6MgzoxLbkLneySurXRfe2+PBo67qAObJwCmdwCS7cQQkqUIUaUOjDFF7hDU3RO/pAn/PRDFr8OYYU0NcfiaWeKA==</latexit>
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<latexit sha1_base64="4+3ggliesVc7+8zJuqUVpaBtGw8=">AAACDHicbVDLSgMxFL3xWeurKrhxEyyKIJYZFdRdoZsuK9gHtKVk0kwbmpkMSUYYSj/BbvVD3Ilb/8FPcO0PODPtZloPBA7n3Nx7OE4guDaW9Y1WVtfWNzZzW/ntnd29/cLBYUPLUFFWp1JI1XKIZoL7rG64EawVKEY8R7CmM6okfvOZKc2l/2SigHU9MvC5yykxiXTl9mivULRKVgq8TOw5KZbRy/FN9fKn1iv8dvqShh7zDRVE67ZtBaY7JspwKtgk3wk1CwgdkQEbpwkn+CyW+tiVKn6+wamamasoEklB0sA6u4J4WkeeEy/xiBnqRS8R//PaoXHvu2PuB6FhPp1lcEOBjcRJE7jPFaNGRDEhVPE4PKZDogg1cV+ZKyOPTuKW7MVOlknjumTflh4e47rOYYYcnMApXIANd1CGKtSgDhSGMIVXeENT9I4+0OdsdAXN/xxBBujrD/k2nl8=</latexit>

x(t) real () X(f) Hermitian Symmetric

s(t) = A(t)
p
2 cos(2⇡fct+ ✓(t))

= [A(t) cos ✓(t)]
p
2 cos(2⇡fct)� [A(t) sin ✓(t)]

p
2 sin(2⇡fct)

= sI(t)
p
2 cos(2⇡fct)� sQ(t)

p
2 sin(2⇡fct)

= <
�
[sI(t) + jsQ(t)]

p
2ej2⇡fct

 

= <
�
s̄(t)

p
2ej2⇡fct

 

s̄(t) = sI(t) + jsQ(t) = A(t)ej✓(t)

A(t) =
q

s2I(t) + js2Q(t)

✓(t) = tan
�1

(sQ(t)/sI(t))

sI(t) = A(t) cos ✓(t)

sQ(t) = A(t) sin ✓(t)

S̄(f) = FT {s̄(t)}

p
2S̄(f � fc) = FT

�
s̄(t)

p
2ej2⇡fct

 

S(f) = FT {s(t)} = FT
�
<
�
s̄(t)

p
2ej2⇡fct

  

= HS
�
FT

�
s̄(t)

p
2ej2⇡fct

  

=
1p
2

⇥
S̄(f � fc) + S̄⇤

(�f � fc)
⇤

f

<latexit sha1_base64="6sDhWVJdg9P3lQw5C28tps/TEi4=">AAACCXicbVDLSgMxFL3xWeurKrhxEyyKIJQZFdRdoZsuW7APaEvJpJk2NDMZkowwlH5Bcacf4k7c+hV+gmt/wPSxmdYDgcM5N/cejhcJro3jfKO19Y3Nre3MTnZ3b//gMHd0XNcyVpTVqBRSNT2imeAhqxluBGtGipHAE6zhDUtTv/HMlOYyfDJJxDoB6Yfc55QYK1X9bi7vFJwZ8CpxFyRfRC+nt+Xrn0o399vuSRoHLDRUEK1brhOZzogow6lg42w71iwidEj6bDSLN8YXVuphXyr7QoNnamqupEgiBZml1ekVJNA6CTy7JCBmoJe9qfif14qN/9AZ8TCKDQvpPIMfC2wkntaAe1wxakRiCaGK2/CYDogi1NiyUleGAR3bltzlTlZJ/abg3hUeq7auS5gjA2dwDlfgwj0UoQwVqAEFBhN4hTc0Qe/oA33OR9fQ4s8JpIC+/gD/Rp1S</latexit>

0

<latexit sha1_base64="pxQcTHGa1gtnsJd21Kh1nNI+m0o=">AAACBXicbVDLSgMxFL3js9ZXdesmWJS6KTMiqCsL3bisYB/QlpJJM21oMhmSjDCUfkEXbvQv3Lhzq3/hd4h702k303ogcDjn5t7D8SPOtHHdb2dtfWNzazu3k9/d2z84LOSPGlrGitA6kVyqlo815SykdcMMp61IUSx8Tpv+qDrzm09UaSbDR5NEtCvwIGQBI9hY6cHtFYpu2U2BVom3IMW7t9Lv13PnotYr/HT6ksSChoZwrHXbcyPTHWNlGOF0ku/EmkaYjPCAjtN4E3RmpT4KpLIvNChVM3NVhRPJcZpWZ1dgoXUifLtEYDPUy95M/M9rxya46Y5ZGMWGhmSeIYg5MhLNakB9pigxPLEEE8VseESGWGFibFmZKyNBJrYlb7mTVdK4LHtX5dti5RzmyMEJnEIJPLiGCtxDDepAgMIUXuDVmTrvzsd8cM1Z/DiGDJzPPwy9nUA=</latexit>
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<latexit sha1_base64="XTxlx6n31Kiyt1cGUjK9yEnOYEE=">AAACC3icbVDLSgMxFL2pr1pfVcGNm2BRBKHMqKDuCt10WdE+oC0lk2ba0MxkSDJCKf2EbvVD3IlbP8JPcO0PmE67mdYDgcM5N/cejhcJro3jfKPM2vrG5lZ2O7ezu7d/kD88qmsZK8pqVAqpmh7RTPCQ1Qw3gjUjxUjgCdbwhuWZ33hhSnMZPptRxDoB6Yfc55QYKz35XdrNF5yikwCvEndBCiU0PbmpXP1Uu/nfdk/SOGChoYJo3XKdyHTGRBlOBZvk2rFmEaFD0mfjJOAEn1uph32p7AsNTtTUXFmRkRQkyavTK0ig9Sjw7JKAmIFe9mbif14rNv59Z8zDKDYspPMMfiywkXhWBO5xxagRI0sIVdyGx3RAFKHG1pW6MgzoxLbkLneySurXRfe2+PBo67qAObJwCmdwCS7cQQkqUIUaUOjDFF7hDU3RO/pAn/PRDFr8OYYU0NcfiaWeKA==</latexit>
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H

<latexit sha1_base64="vPYb2fWrMRNcvhn7YuAOa1+04+Q=">AAACCXicbVC7SgNBFL0bXzG+opY2g0GJTdgVQa0MpEmZgHlAEsLsZDYZMruzzMwKS8gXpLDRv7CxE0v9Cr9D7J1sbDbxwMDhnDv3Ho4bcqa0bX9ZmbX1jc2t7HZuZ3dv/yB/eNRUIpKENojgQrZdrChnAW1opjlth5Ji3+W05Y4rc7/1QKViIrjXcUh7Ph4GzGMEayPVq/18wS7ZCdAqcf5I4e6l+PPx2L2o9fPf3YEgkU8DTThWquPYoe5NsNSMcDrNdSNFQ0zGeEgnSbwpOjPSAHlCmhdolKipuYrEseA4SavSK7CvVOy7ZomP9Ugte3PxP68Tae+mN2FBGGkakEUGL+JICzSvAQ2YpETz2BBMJDPhERlhiYk2ZaWujH0yNS05y52skuZlybkq3dbtQvkcFsjCCZxCERy4hjJUoQYNIEBhBk/wbM2sV+vNel+MZqy/P8eQgvX5C+hKnp8=</latexit>
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<latexit sha1_base64="GqYq2ydq3tmgQJf8vFGKWIy4YnY=">AAACEnicbVDNSgMxGMxWrbX+VQUvXoJF8VR2i6CeLPTSYwX7g20p2TTbhmaTNckKZdlX8NSrPog38eoL+BQKvoDptpdtHQgMM1++bxg3YFRp2/6yMmvrG9nN3FZ+e2d3b79wcNhUIpSYNLBgQrZdpAijnDQ01Yy0A0mQ7zLScsfVmd96IlJRwe/1JCA9Hw059ShG2kgPXfUodVSOYa1fKNolOwFcJc6CFG+/67Xjn+xzvV/47Q4EDn3CNWZIqY5jB7oXIakpZiTOd0NFAoTHaEiiJGcMz4w0gJ6Q5nENEzU1V5VoIhhKYqv0CuQrNfFds8RHeqSWvZn4n9cJtXfdiygPQk04nmfwQga1gLM+4IBKgjWbGIKwpCY8xCMkEdamtdSVsY9j05Kz3MkqaZZLzmXp5s4uVs7BHDlwAk7BBXDAFaiAGqiDBsCAgyl4Aa/W1Hqz3q2P+WjGWvw5AilYn381yaHr</latexit>
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fc

<latexit sha1_base64="XTxlx6n31Kiyt1cGUjK9yEnOYEE=">AAACC3icbVDLSgMxFL2pr1pfVcGNm2BRBKHMqKDuCt10WdE+oC0lk2ba0MxkSDJCKf2EbvVD3IlbP8JPcO0PmE67mdYDgcM5N/cejhcJro3jfKPM2vrG5lZ2O7ezu7d/kD88qmsZK8pqVAqpmh7RTPCQ1Qw3gjUjxUjgCdbwhuWZ33hhSnMZPptRxDoB6Yfc55QYKz35XdrNF5yikwCvEndBCiU0PbmpXP1Uu/nfdk/SOGChoYJo3XKdyHTGRBlOBZvk2rFmEaFD0mfjJOAEn1uph32p7AsNTtTUXFmRkRQkyavTK0ig9Sjw7JKAmIFe9mbif14rNv59Z8zDKDYspPMMfiywkXhWBO5xxagRI0sIVdyGx3RAFKHG1pW6MgzoxLbkLneySurXRfe2+PBo67qAObJwCmdwCS7cQQkqUIUaUOjDFF7hDU3RO/pAn/PRDFr8OYYU0NcfiaWeKA==</latexit>

�fc

<latexit sha1_base64="4+3ggliesVc7+8zJuqUVpaBtGw8=">AAACDHicbVDLSgMxFL3xWeurKrhxEyyKIJYZFdRdoZsuK9gHtKVk0kwbmpkMSUYYSj/BbvVD3Ilb/8FPcO0PODPtZloPBA7n3Nx7OE4guDaW9Y1WVtfWNzZzW/ntnd29/cLBYUPLUFFWp1JI1XKIZoL7rG64EawVKEY8R7CmM6okfvOZKc2l/2SigHU9MvC5yykxiXTl9mivULRKVgq8TOw5KZbRy/FN9fKn1iv8dvqShh7zDRVE67ZtBaY7JspwKtgk3wk1CwgdkQEbpwkn+CyW+tiVKn6+wamamasoEklB0sA6u4J4WkeeEy/xiBnqRS8R//PaoXHvu2PuB6FhPp1lcEOBjcRJE7jPFaNGRDEhVPE4PKZDogg1cV+ZKyOPTuKW7MVOlknjumTflh4e47rOYYYcnMApXIANd1CGKtSgDhSGMIVXeENT9I4+0OdsdAXN/xxBBujrD/k2nl8=</latexit>

H/

p
2

<latexit sha1_base64="4FnkhVfLfmqFFrq113PcTf0+QIQ=">AAACFHicbVDNTgIxGGxREfEP9eilkWg84S4xUW8kXDhilJ+EJaRbutDQ3a1t12Sz4TW46hP4BN6MV+9efQVfwLJwWXCSJpOZr983GVdwprRlfcPcxuZWfruwU9zd2z84LB0dt1UYSUJbJOSh7LpYUc4C2tJMc9oVkmLf5bTjTupzv/NMpWJh8KhjQfs+HgXMYwRrIzkNdOWoJ6mT6hQNSmWrYqVA68ReknItL94eKPxpDkq/zjAkkU8DTThWqmdbQvcTLDUjnE6LTqSowGSCRzRJk07RuZGGyAuleYFGqZqZq0schxynwVV2BfaVin3XLPGxHqtVby7+5/Ui7d32ExaISNOALDJ4EUc6RPNG0JBJSjSPDcFEMhMekTGWmGjTW+bKxCdT05K92sk6aVcr9nXl7t7UdQEWKIBTcAYugQ1uQA00QBO0AAECzMALeIUz+A4/4OdiNAeXf05ABvDrD3Mioe0=</latexit>

H/

p
2

<latexit sha1_base64="4FnkhVfLfmqFFrq113PcTf0+QIQ=">AAACFHicbVDNTgIxGGxREfEP9eilkWg84S4xUW8kXDhilJ+EJaRbutDQ3a1t12Sz4TW46hP4BN6MV+9efQVfwLJwWXCSJpOZr983GVdwprRlfcPcxuZWfruwU9zd2z84LB0dt1UYSUJbJOSh7LpYUc4C2tJMc9oVkmLf5bTjTupzv/NMpWJh8KhjQfs+HgXMYwRrIzkNdOWoJ6mT6hQNSmWrYqVA68ReknItL94eKPxpDkq/zjAkkU8DTThWqmdbQvcTLDUjnE6LTqSowGSCRzRJk07RuZGGyAuleYFGqZqZq0schxynwVV2BfaVin3XLPGxHqtVby7+5/Ui7d32ExaISNOALDJ4EUc6RPNG0JBJSjSPDcFEMhMekTGWmGjTW+bKxCdT05K92sk6aVcr9nXl7t7UdQEWKIBTcAYugQ1uQA00QBO0AAECzMALeIUz+A4/4OdiNAeXf05ABvDrD3Mioe0=</latexit>

x(t) real () X(f) Hermitian Symmetric

s(t) = A(t)
p
2 cos(2⇡fct+ ✓(t))

= [A(t) cos ✓(t)]
p
2 cos(2⇡fct)� [A(t) sin ✓(t)]

p
2 sin(2⇡fct)

= sI(t)
p
2 cos(2⇡fct)� sQ(t)

p
2 sin(2⇡fct)

= <
�
[sI(t) + jsQ(t)]

p
2ej2⇡fct

 

= <
�
s̄(t)

p
2ej2⇡fct

 

s̄(t) = sI(t) + jsQ(t) = A(t)ej✓(t)

A(t) =
q

s2I(t) + js2Q(t)

✓(t) = tan
�1

(sQ(t)/sI(t))

sI(t) = A(t) cos ✓(t)

sQ(t) = A(t) sin ✓(t)

S̄(f) = FT {s̄(t)}

p
2S̄(f � fc) = FT

�
s̄(t)

p
2ej2⇡fct

 

S(f) = FT {s(t)} = FT
�
<
�
s̄(t)

p
2ej2⇡fct

  

= HS
�
FT

�
s̄(t)

p
2ej2⇡fct

  

=
1p
2

⇥
S̄(f � fc) + S̄⇤

(�f � fc)
⇤

S(f) =
1p
2

⇥
S̄(f � fc) + S̄⇤

(�f � fc)
⇤
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There are other conventions for complex BB — most vary by factors of 2 or sqrt(2)

x(t) real () X(f) Hermitian Symmetric

s(t) = A(t)
p
2 cos(2⇡fct+ ✓(t))

= [A(t) cos ✓(t)]
p
2 cos(2⇡fct)� [A(t) sin ✓(t)]

p
2 sin(2⇡fct)

= sI(t)
p
2 cos(2⇡fct)� sQ(t)

p
2 sin(2⇡fct)

= <
�
[sI(t) + jsQ(t)]

p
2ej2⇡fct

 

= <
�
s̄(t)

p
2ej2⇡fct

 

s(t) = <
�
s̄(t)

p
2ej2⇡fct

 

s̄(t) = sI(t) + jsQ(t) = A(t)ej✓(t)

A(t) =
q

s2I(t) + js2Q(t)

✓(t) = tan
�1

(sQ(t)/sI(t))

sI(t) = A(t) cos ✓(t)

sQ(t) = A(t) sin ✓(t)

S̄(f) = FT {s̄(t)}

p
2S̄(f � fc) = FT

�
s̄(t)

p
2ej2⇡fct

 

S(f) = FT {s(t)} = FT
�
<
�
s̄(t)

p
2ej2⇡fct

  

= HS
�
FT

�
s̄(t)

p
2ej2⇡fct

  

=
1p
2

⇥
S̄(f � fc) + S̄⇤

(�f � fc)
⇤

S(f) =
1p
2

⇥
S̄(f � fc) + S̄⇤

(�f � fc)
⇤

x(t) real () X(f) Hermitian Symmetric

s(t) = A(t)
p
2 cos(2⇡fct+ ✓(t))

= [A(t) cos ✓(t)]
p
2 cos(2⇡fct)� [A(t) sin ✓(t)]

p
2 sin(2⇡fct)

= sI(t)
p
2 cos(2⇡fct)� sQ(t)

p
2 sin(2⇡fct)

= <
�
[sI(t) + jsQ(t)]

p
2ej2⇡fct

 

= <
�
s̄(t)

p
2ej2⇡fct

 

s(t) = <
�
s̄(t)

p
2ej2⇡fct

 

s̄(t) = sI(t) + jsQ(t) = A(t)ej✓(t)

A(t) =
q

s2I(t) + js2Q(t)

✓(t) = tan
�1

(sQ(t)/sI(t))

sI(t) = A(t) cos ✓(t)

sQ(t) = A(t) sin ✓(t)

S̄(f) = FT {s̄(t)}

p
2S̄(f � fc) = FT

�
s̄(t)

p
2ej2⇡fct

 

S(f) = FT {s(t)} = FT
�
<
�
s̄(t)

p
2ej2⇡fct

  

= HS
�
FT

�
s̄(t)

p
2ej2⇡fct

  

=
1p
2

⇥
S̄(f � fc) + S̄⇤

(�f � fc)
⇤

S(f) =
1p
2

⇥
S̄(f � fc) + S̄⇤

(�f � fc)
⇤

x(t) real () X(f) Hermitian Symmetric

s(t) = A(t)
p
2 cos(2⇡fct+ ✓(t))

= [A(t) cos ✓(t)]
p
2 cos(2⇡fct)� [A(t) sin ✓(t)]

p
2 sin(2⇡fct)

= sI(t)
p
2 cos(2⇡fct)� sQ(t)

p
2 sin(2⇡fct)

= <
�
[sI(t) + jsQ(t)]

p
2ej2⇡fct

 

= <
�
s̄(t)

p
2ej2⇡fct

 

s(t) = <
�
s̄(t)

p
2ej2⇡fct

 

s̄(t) = sI(t) + jsQ(t) = A(t)ej✓(t)

A(t) =
q

s2I(t) + js2Q(t)

✓(t) = tan
�1

(sQ(t)/sI(t))

sI(t) = A(t) cos ✓(t)

sQ(t) = A(t) sin ✓(t)

S̄(f) = FT {s̄(t)}

p
2S̄(f � fc) = FT

�
s̄(t)

p
2ej2⇡fct

 

S(f) = FT {s(t)} = FT
�
<
�
s̄(t)

p
2ej2⇡fct

  

= HS
�
FT

�
s̄(t)

p
2ej2⇡fct

  

=
1p
2

⇥
S̄(f � fc) + S̄⇤

(�f � fc)
⇤

S(f) =
1p
2

⇥
S̄(f � fc) + S̄⇤

(�f � fc)
⇤

and are unit power sinusoids 

The convention adopted is “inner product preserving”

c�K.M. Chugg - September 2, 2020– TITLE 2

Z

I
x(t)y(t)dt = <

�R
I x̄(t)ȳ(t)dt

 

Es =

Z

I
s2(t)dt = <

�R
I |s̄(t)|

2dt
 

Signal energy is the same whether computed on the 
passband signal or the equivalent complex BB signal

c�K.M. Chugg - September 2, 2020– TITLE 2

Z

I
x(t)y(t)dt = <

�R
I x̄(t)ȳ

⇤
(t)dt

 

Es =

Z

I
s2(t)dt = <

�R
I |s̄(t)|

2dt
 

< {z}< {w} =
< {zw ⇤+zw}

2

Z

I
x(t)y(t)dt =

Z

I
<
�
x̄(t)

p
2ej2⇡fct

 
<
�
ȳ(t)

p
2ej2⇡fct

 
dt

= <
�R

I x̄(t)ȳ
⇤
(t)dt

 
+ <

�R
I x̄(t)ȳ(t)dte

j2⇡(2fc)t
 

| {z }
⇡0 by narrowband assumption
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The convention adopted is “inner product preserving”

c�K.M. Chugg - September 2, 2020– TITLE 2

Z

I
x(t)y(t)dt = <

�R
I x̄(t)ȳ

⇤
(t)dt

 

Es =

Z

I
s2(t)dt = <

�R
I |s̄(t)|

2dt
 

< {z}< {w} =
< {zw ⇤+zw}

2

Z

I
x(t)y(t)dt =

Z

I
<
�
x̄(t)

p
2ej2⇡fct

 
<
�
ȳ(t)

p
2ej2⇡fct

 
dt

= <
�R

I x̄(t)ȳ
⇤
(t)dt

 
+ <

�R
I x̄(t)ȳ(t)dte

j2⇡(2fc)t
 

| {z }
⇡0 by narrowband assumption

c�K.M. Chugg - September 2, 2020– TITLE 2

Z

I
x(t)y(t)dt = <

�R
I x̄(t)ȳ

⇤
(t)dt

 

Es =

Z

I
s2(t)dt = <

�R
I |s̄(t)|

2dt
 

< {z}< {w} =
< {zw ⇤+zw}

2

Z

I
x(t)y(t)dt =

Z

I
<
�
x̄(t)

p
2ej2⇡fct

 
<
�
ȳ(t)

p
2ej2⇡fct

 
dt

= <
�R

I x̄(t)ȳ
⇤
(t)dt

 
+ <

�R
I x̄(t)ȳ(t)dte

j2⇡(2fc)t
 

| {z }
⇡0 by narrowband assumption

c�K.M. Chugg - September 3, 2020– TITLE 2

Z

I
x(t)y(t)dt = <

�R
I x̄(t)ȳ

⇤
(t)dt

 

Es =

Z

I
s2(t)dt = <

�R
I |s̄(t)|

2dt
 

< {z}< {w} =
< {zw ⇤+zw}

2

Z

I
x(t)y(t)dt =

Z

I
<
�
x̄(t)

p
2ej2⇡fct

 
<
�
ȳ(t)

p
2ej2⇡fct

 
dt

= <
�R

I x̄(t)ȳ
⇤
(t)dt

 
+ <

�R
I x̄(t)ȳ(t)e

j2⇡(2fc)tdt
 

| {z }
⇡0 by narrowband assumption
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see the “spaces” handout

topological properties only
(can measure distances)

algebraic properties only
(can take linear combinations)

linear spacemetric space

normed linear 
(Banach) space

inner product space
(can measure angles)

complete inner product space 
(Hilbert space) 

IPS with nice limit properties • signals as vectors in an 
abstract space — 
generalization of vectors

• linear independence, 
dimension, and basis

• Grahm-Schmidt for 
orthonormal basis and 
finding dimension

• Finding expansion in terms 
of ortho-normal basis and 
generalized Fourier series
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PSK Modulations
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Note: dimension is D=2 for M>2, and D=1 for M=2

Z
p2(t)dt = 1

sm(t) =
p

Esp(t)
p
2 cos

✓
2⇡fct+

2⇡

M
m

◆
m = 0, 1, . . .M � 1

�1(t) = p(t)
p
2 cos(2⇡fct)

�2(t) = �p(t)
p
2 sin(2⇡fct)

sm =
p

Es

✓
cos

�
2⇡
Mm

�

sin
�
2⇡
Mm

�
◆

m = 0, 1, . . .M � 1

passband 
signals

orthonormal 
basis

signal vectors
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PSK Modulations
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Note: complex dimension is 
D=1 and this is real if M=2

�
Es

I

Q

8PSK

s̄m(t) =
p

Esp(t)e
j 2⇡
M m m = 0, 1, . . .M � 1

�̄1(t) = p(t)

s̄m =
p

Ese
j 2⇡
M m m = 0, 1, . . .M � 1

complex BB

orthonormal 
basis

signal vectors
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Pulse Amplitude Modulation (PAM)
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passband 
signals

orthonormal 
basis

signal vectors

Note: dimension is D=1, (BPSK is 
special case of M=2)

Z
p2(t)dt = 1

4PAM

sm(t) = d

✓
2m+ 1�M

2

◆
p(t)

p
2 cos (2⇡fct) m = 0, 1, . . .M � 1

�1(t) = p(t)
p
2 cos(2⇡fct)

sm = d

✓
2m+ 1�M

2

◆
m = 0, 1, . . .M � 1

M�1X

m=0

(2m+ 1�M)2 =
M(M2 � 1)

3

Es =
d2(M2 � 1)

12

d2 =
12Es

M2 � 1
I

d =

r
12Es

M2 � 1
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complex BB

orthonormal 
basis

signal vectors

Note: complex dimension is D=1 
(real valued)

Z
p2(t)dt = 1

4PAM

I

d =

r
12Es

M2 � 1

s̄m(t) = d

✓
2m+ 1�M

2

◆
p(t) m = 0, 1, . . .M � 1

�1(t) = p(t)

s̄m = d

✓
2m+ 1�M

2

◆
m = 0, 1, . . .M � 1

Es =
d2(M2 � 1)

12

d2 =
12Es

M2 � 1
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passband 
signals

orthonormal 
basis

signal vectors

Note: dimension D=2
Z

p2(t)dt = 1

sm(t) = d

✓
2mI + 1�M

2

◆
p(t)

p
2 cos (2⇡fct)

� d

✓
2mQ + 1�M

2

◆
p(t)

p
2 sin (2⇡fct) m = 0, 1, . . .M � 1

�1(t) = p(t)
p
2 cos(2⇡fct)

�2(t) = �p(t)
p
2 sin(2⇡fct)

sm =
d

2

0

@ (2mI + 1�Mp)

(2mQ + 1�Mp)

1

A m = 0, 1, . . .M � 1

M = M2
p 2 {4, 16, 64, 256 . . .}

s̄m(t) =
d

2
[(2mI + 1�Mp) + j(2mQ + 1�Mp)] p(t) m = 0, 1, . . .M � 1

�1(t) = p(t)

s̄m =
d

2
[(2mI + 1�Mp) + j(2mQ + 1�Mp)] m = 0, 1, . . .M � 1

M = M2
p 2 {4, 16, 64, 256 . . .}
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Quadrature Amplitude Modulation (QAM)
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complex BB

orthonormal 
basis

signal vectors

Note: dimension D=2
Z

p2(t)dt = 1

16QAM

sm(t) = d

✓
2mI + 1�M

2

◆
p(t)

p
2 cos (2⇡fct)

� d

✓
2mQ + 1�M

2

◆
p(t)

p
2 sin (2⇡fct) m = 0, 1, . . .M � 1

�1(t) = p(t)
p
2 cos(2⇡fct)

�2(t) = �p(t)
p
2 sin(2⇡fct)

sm =
d

2

0

@ (2mI + 1�Mp)

(2mQ + 1�Mp)

1

A m = 0, 1, . . .M � 1

M = M2
p 2 {4, 16, 64, 256 . . .}

s̄m(t) =
d

2
[(2mI + 1�Mp) + j(2mQ + 1�Mp)] p(t) m = 0, 1, . . .M � 1

�1(t) = p(t)

s̄m =
d

2
[(2mI + 1�Mp) + j(2mQ + 1�Mp)] m = 0, 1, . . .M � 1

M = M2
p 2 {4, 16, 64, 256 . . .}

I

Q

d =

s
6Es

(M � 1)
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Quadrature Amplitude Modulation (QAM)
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QAM has PAM in I and PAM in Q and 
energy is the sum of the energies of these

16QAM I

Q

d =

s
6Es

(M � 1)

Es = E
�
kx(u)k2

 

= E

8
><

>:

������

xI(u)

xQ(u)

������

2
9
>=

>;

= E
�
x2I(u)

 
+ E

�
xQ(u)

2
 

= 2E
�
x2I(u)

 

=
2d2(M2

p � 1)

12

=
d2(M � 1)

6

d2 =
6Es

(M � 1)
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General QASK
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• Two dimensional real vector model 

• One dimensional complex model

• same basis signals as PSK, QAM

• Any constellation points

32 QASK
(aka 32 QAM)
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Orthogonal Modulations
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• All signals are orthogonal

• Phase coherent demodulation:

hsm, sni = < {hs̄m, s̄ni} = Es�[m� n]

�i(t) =
si(t)p
Es

stm =
p
Es

⇣
0 0 . . . 0 1 0 . . . 0

⌘

Note: dimension D=M
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Orthogonal Modulations

20

• All signals are orthogonal

• Phase noncoherent demodulation:

hs̄m, s̄ni = Es�[m� n]

• Orthogonal in the noncoherent sense implies orthogonal in the 
coherent sense

• Meaning: signals are orthogonal even under an arbitrary phase 
rotation
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Frequency Shift Keying (FSK)
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passband 
signals

orthonormal basis: use Gram-Schmidt

Z
p2(t)dt = 1

complex BB

sm(t) =
p
Esp(t)

p
2 cos (2⇡ [fc + fm] t) m = 0, 1, . . .M � 1

s̄m(t) =
p
Esp(t) exp (j2⇡fmt)

fm =
2m+ 1�M

2
�

� = tone separation
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Orthogonal Frequency Shift Keying (FSK)
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hsm, sni = < {hs̄m, s̄ni}

= Essinc((m� n)2�T )

p(t) =

(
1/

p
T t 2 [0, T ]

0 else
-5 -4 -3 -2 -1 0 1 2 3 4 5

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

⇢

2�T

hsm, sni =
Es

T

Z T

0
cos

✓
2⇡


fc +

2m+ 1�M

2
�

�
t

◆
cos

✓
2⇡


fc +

2n+ 1�M

2
�

�
t

◆
dt

hs̄m, s̄ni =
Es

T

Z T

0
exp

✓
j2⇡


2m+ 1�M

2
�

�
t

◆
exp

✓
�j2⇡


2n+ 1�M

2
�

�
t

◆
dt
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Orthogonal Frequency Shift Keying (FSK)
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p(t) =

(
1/

p
T t 2 [0, T ]

0 else• With rectangular pulse shape

• Minimum tone spacing for orthogonal signals 

hsm, sni = < {hs̄m, s̄ni} = 0 =) �min =
1

2T

• With rectangular pulse shape

• Minimum tone spacing for orthogonal signals (phase noncoherent)

hsm, s̄ni =
Es

T

Z T

0
cos

✓
2⇡


fc +

2m+ 1�M

2
�

�
t

◆
cos

✓
2⇡


fc +

2n+ 1�M

2
�

�
t

◆
dt

hsm, s̄ni =
Es

T

Z T

0
exp

✓
j2⇡


2m+ 1�M

2
�

�
t

◆
exp

✓
�j2⇡


2n+ 1�M

2
�

�
t

◆
dt

hsm, sni = 0 () �min =
1

T

() cos

✓
2⇡fct+

2⇡

M
mt

◆
? cos

✓
2⇡fct+

2⇡

M
nt+ �

◆
8 �, m 6= n

sm(t) =
p

Esp(t)
p
2 cos (2⇡ [fc + fm] t) m = 0, 1, . . .M � 1

s̄m(t) =
p

Esp(t) exp (j2⇡fmt)

fm =
2m+ 1�M

2
�

� = tone separation

1p
T
S̄m(f) =

p
Esinc(T (f � fm))

h
e�j2⇡(f�fm)(T/2)

i

1

T
|Sc

m(f)|2 = E

�����sinc(T (f � fm))� 1

M

M�1X

i=0

sinc(T (f � fi))

�����

2
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Orthogonal Modulations
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• Many other methods for orthogonal modulation

t

t

On-off Keying (OOK, M=2)

Ts

t

t

t

t

Orthogonal Pulse Position 
Modulation (PPM), M=4
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Orthogonal Modulations

25

• Walsh-Hadamard sequences for orthogonal pulses 

H0 = +

H2 =

2

4 +H0 +H0

+H0 �H0

3

5 =

2

4 + +

+ �

3

5

H4 =

2

4 +H2 +H2

+H2 �H2

3

5 =

2

6666664

+ + + +

+ � + �

+ + � �

+ � � +

3

7777775

H2i =

2

4 +Hi +Hi

+Hi �Hi

3

5

Ts

t

t

t

t
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Orthogonal Modulations

26

• Note that in contrast to QASK modulations, the dimension of the 
signal set grows with M for orthogonal modulations

log2(M)

2
bits/dimensionMQASK: 

M Orthogonal: log2(M)

M
bits/dimension

• Rate (bits/dimension) for orthogonal goes to 0 as M increases

• Increasing M

• Worse performance (SNR loss) for QASK

• Better performance (SNR gain) for orthogonal
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Orthogonal-like Modulations

27

• The signal set centroid

• A non-zero centroid can convey no 
information, it is just sending the 
information signal + some constant offset

• It is desired to have a zero centroid

• Orthogonal signal sets have nonzero 
centroids

s0

s1

c

c =
1

M

M�1X

m=0

sm
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Bi-Orthogonal Modulation

28

• Start with an M-ary orthogonal signal set

• Add in -s for every signal in the original signal set

• Results in 2M signals in M dimensions, each 
energy E

s0

s1

c

s2

s3
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Simplex Modulation

29

• Start with an M-ary orthogonal signal set

• subtract the centroid from all signals 

• Results in M signals in M-1 dimensions

• Energy reduction because centroid is removed

s0

s1

v0

v1

vm = sm � 1

M

M�1X

m=0

sm

Ev =
M � 1

M
Es
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Other Modulations
• Continuous Phase Modulation (CPM)

• Used for saturated power amplified channels

• Waveform with memory

• Optimal demod is Viterbi algorithm or Forward-Backward 
algorithm

• Orthogonal Frequency Division Multiplexing

• Using many parallel frequency channels and put a QASK signal 
train on each

• FFT/IFFT based processing

• For channels with frequency selective gain

30
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“Signaling” Topics

• Complex baseband representation (deterministic)

• Signal space representation and dimensionality (deterministic)

• Common methods of digital modulation 

• Summary of some results from 562 

• Additive White Gaussian (AWGN) channel

• Complex baseband representation (random processes)

• Power spectral density of common digital modulations

31
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Key Ideas from EE562

• Random process is a generalization of one random variable or two 
random variables to a random vector, random sequence, or 
random waveform

• Complete statistical descriptions vs Second moment descriptions

• Stationarity and Wide-Sense Stationarity

• Gaussian processes and linear processing

• Power Spectral Density (PSD) — frequency domain view

• Linearity of the expectation operator

32

E {L(x(u))} = L(E {x(u)})
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(real) Random Vectors
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Complete 
statistical 

description

Second 
Moment 

Description

random vector
x(u) =

2

6666664

x(u, 1)

x(u, 2)
...

x(u, n)

3

7777775
(n⇥ 1)

fx(u)(x) = fx(u,1),x(u,2),···x(u,n)(x1, x2, · · ·xn) (pdf or cdf or pmf)

mean vector

correlation matrix

covariance matrix

EE503 review

1 Random Vectors Summary

x(u) =

2

6664

x0(u)

x1(u)

.

.

.

xN�1(u)

3

7775
(N ⇥ 1)

px(u)(x) = px0(u),x1(u),···xN�1(u)(x0, x1, · · ·xN�1) (pdf or cdf or pmf)

1.1 Second moment descriptions

E {L(x(u))} = L(E {x(u)})

mx = E {x(u)}

Rx = E
�
x(u)xt

(u)
 

[Rx]i,j = E {xi(u)xj(u)}

Kx = E
�
(x(u)�mx)(x(u)�mx)

t
)
 

= Rx �mxmx
t

[Kx]i,j = cov [xi(u), xj(u)]

my = Hmx

Ry = HRxH
t

Ky = HKxH
t

y(u) = btx(u) (1⇥ 1)

my = btmx

E
�
y
2
(u)

 
= btRxb

�
2
y = btKxb

Ry = E
�
y(u)yt

(u)
 

= E
�
(Hx(u))(Hx(u))t

 

= E
�
Hx(u)xt

(u)Ht
 

= HE
�
x(u)xt

(u)
 
Ht

= HRxH
t
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(real) Random Vectors

34

x(u) y(u) = Hx(u)
H

(n⇥ 1) (m⇥ 1)

(m⇥ n) my = Hmx

Ry = HRxH
t

Ky = HKxH
t

Special case

EE503 review

y(u) = btx(u) (1⇥ 1)

my = btmx

E
�
y2(u)

 
= btRxb

�2
y = btKxb
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(real) Random Waveforms
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Complete 
statistical 

description

Second 
Moment 

Description

random 
waveform

x(u, t) t 2 (�1,1)

v(u; tn) =
h
x(u, t1) x(u, t2) · · · x(u, tn)

it

tn =
h
t1 t2 · · · tn

it

fv(u;tn)(v) = fx(u,t1),x(u,t2),···x(u,tn)(v1, v2, · · · vn) (pdf or cdf or pmf)

8 n 2 Z, 8 tn

mx(t) = E {x(u, t)}

Rx(t1, t2) = E {x(u, t1)x(u, t2)}

Kx(t1, t2) = E {[x(u, t1)�mx(t1)][x(u, t2)�mx(t2)]}

= Rx(t1, t2)�mx(t1)mx(t2)

mean function

correlation function

covariance function
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Stationary Random Waveforms

36

Complete statistical description does not change with shifts

fv(u;tn)(v) = fv(u;tn+⌧1)(v) 8 n 2 Z, 8 tn, 8 ⌧ 2 R

v(u; tn) =

2

6666664

x(u, t1)

x(u, t2)
...

x(u, tn)

3

7777775
v(u; tn + ⌧1) =

2

6666664

x(u, t1 + ⌧)

x(u, t2 + ⌧)
...

x(u, tn + ⌧)

3

7777775

(sometimes called strictly stationary)
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Wide Sense Stationary (WSS) Random Waveforms

37

Second moment description does not change with shifts

mx(t) = mx(t+ ⌧)

Rx(t1, t2) = Rx(t1 + ⌧, t2 + ⌧)

mx(t) = mx

Rx(t1, t2) = Rx(t1 � t2)

Rx(t+ ⌧, t) = Rx(⌧)

mean

correlation function

covariance function

mx = E {x(u, t)}

Rx(⌧) = E {x(u, t+ ⌧)x(u, t)}

Kx(⌧) = E {(x(u, t+ ⌧)�mx)(x(u, t)�mx)}

= Rx(⌧)�m2
x
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WSS (real) Random Processes and LTI Systems

38

x(u, t) (WSS) (WSS)y(u, t)
h(t)

LTI

mx

Rx(⌧)

my = mxH(0) = mx

Z 1

�1
h(t)dt

Ry(⌧) = h(⌧) ⇤Rx(⌧) ⇤ h(�⌧)

Output is also WSS and second moments only 
function input second moments
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Complex Random Vectors

39

Circular complex: 

z(u) = x(u) + jy(u)

mz = E {z(u)} = mx + jmy

Kz = E
n
(z(u)�mz)(z(u)�mz)

†
o

= Kx +Ky + j (Kyx �Kxy)

eKz = E
�
(z(u)�mz)(z(u)�mz)

t
 

= Kx �Ky + j (Kyx +Kxy)

mean vector

covariance matrix

``pseudo-covariance’’
matrix

eKz = O
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Complex Random Vectors

40

x(u) y(u) = Hx(u)
H

(n⇥ 1) (m⇥ 1)

(m⇥ n)

Special case

my = Hmx

Ky = HKxH
†

eKy = H eKxH
t

(circular in implies circular out)

y(u) = b†x(u) (1⇥ 1)

my = b†mx (1⇥ 1)

�2
y = E

�
|y(u)�my|2

 

= b†Kxb

E
�
[y(u)�my]

2
 
= bt eKxb
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Complex Random Waveforms

41

Complete statistical description = joint complete description of real and imaginary parts

Second 
Moment 

Description

mean function

correlation function

covariance function

pseudo-correlation 
function

pseudo-covariance 
function

circular eKz(t1, t2) = 0

mz(t) = E {z(u, t)}

Rz(t1, t2) = E {z(u, t1)z⇤(u, t2)}

Kz(t1, t2) = E {[z(u, t1)�mz(t1)][z(u, t2)�mz(t2)]
⇤}

= Rz(t1, t2)�mz(t1)m
⇤
z(t2)

eRz(t1, t2) = E {z(u, t1)z(u, t2)}

eKz(t1, t2) = E {[z(u, t1)� zx(t1)][z(u, t2)�mz(t2)]}

= eRz(t1, t2)�mz(t1)mz(t2)
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WSS Random Processes and LTI Systems

42

Output is also WSS and second moments only 
function input second moments

x(u, t) (WSS) (WSS)y(u, t)
h(t)

LTI

mx

Rx(⌧)

my = mxH(0) = mx

Z 1

�1
h(t)dt

eRx(⌧)

Ry(⌧) = h(⌧) ⇤Rx(⌧) ⇤ h⇤(�⌧)

eRy(⌧) = h(⌧) ⇤ eRx(⌧) ⇤ h(�⌧)

(circular in implies circular out)
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Gaussian Random Processes

43

Gaussian Random Vector (real)

• Gaussian Random Process is one in which all finite random vectors drawn from the 
process are Gaussian

• Stationarity iff  Wide-Sense Stationarity

• Any linear processing of a Gaussian process yields a Gaussian process (dot products, 
convolution, matrix multiplication, etc.)

• Uncorrelated implies independent

Nn

✓
x;mx;

N0

2
I

◆
=

1p
(⇡N0)n

exp

✓
�kx�mxk2

N0

◆

fx(u)(x) = Nn (x;mx;Kx) =
1p

(2⇡)n|Kx|
exp

✓
�(x�mx)tK

�1
x (x�mx)

2

◆
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Complex Circular Random Process

44

Circular Complex Gaussian Random Vector

• CCG Random Process is one in which all finite random vectors drawn from the 
process are CCG

• Stationarity iff  Wide-Sense Stationarity

• Any linear processing of a CCG process yields a CCG process (dot products, 
convolution, matrix multiplication, etc.)

• Uncorrelated implies independent

fz(u)(z) = fx(u),y(u)(x,y) =
1

⇡n|Kz|
exp

⇣
�(z�mz)

†K�1
z (z�mz)

⌘
�
=N cc

n (z;mz;Kz)

N cc
n (x;mz;N0I) =

1

(⇡N0)n
exp

✓
�kz�mzk2

N0

◆
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Power Spectral Density

45

General Case Sx(f) = lim
T!1

E
(

1

2T

����
Z +T

�T
x(u, t)e�2⇡ftdt

����
2
)

Sx(f) = FT {Rx(⌧)} =

Z 1

�1
Rx(⌧)e

�j2⇡f⌧d⌧WSS Case

Sx(f) Sy(f) = |H(f)|2Sx(f)

Power in x(u, t) in f 2 B =

Z

B
Sx(f)df

Total power in x(u, t) =

Z 1

�1
Sx(f)df = Rx(0) = E

�
|x(u, t)|2

 

x(u, t) (WSS) (WSS)y(u, t)
h(t)

LTI

mx

Rx(⌧)

my = mxH(0) = mx

Z 1

�1
h(t)dt

Ry(⌧) = h(⌧) ⇤Rx(⌧) ⇤ h⇤(�⌧)
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“Signaling” Topics

• Complex baseband representation (deterministic)

• Signal space representation and dimensionality (deterministic)

• Common methods of digital modulation 

• Summary of some results from 562 

• Additive White Gaussian (AWGN) channel

• Complex baseband representation (random processes)

• Power spectral density of common digital modulations

46
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Additive White Gaussian Noise (AWGN)

47

(real) random process — idealized model (infinite power)

• Simplifies calculations when true PSD is flat over the signal bandwidth

Rn(⌧) = E {n(u, t+ ⌧)n(u, t)} =
N0

2
�(⌧)

0 f

N0/2

0 ⌧

N0/2

Sn(f) =
N0

2

0 f

N0/2

relation to real (finite power) noise

0 ⌧

N0/2
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AWGN Channel & ISI-AWGN Channel

48

AWGN - Intersymbol Interference (ISI) Channel

x(u, t)

n(u, t)

r(u, t)

AWGN

n(u, t)

r(u, t)x(u, t) y(u, t)
h(t)

LTI
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“Signaling” Topics

• Complex baseband representation (deterministic)

• Signal space representation and dimensionality (deterministic)

• Common methods of digital modulation 

• Summary of some results from 562 

• Additive White Gaussian (AWGN) channel

• Complex baseband representation (random processes)

• Power spectral density of common digital modulations

49
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Narrowband Random Process

50

Narrowband 
process

• Example: random data on I and Q channels of a QASK modulation stream

x(u, t) = <
�
x̄(u, t)

p
2ej2⇡ft

 

= xI(u, t)
p
2 cos(2⇡ft)� xQ(u, t)

p
2 sin(2⇡ft)

x̄(u, t) = xI(u, t) + jxQ(u, t)
Complex BB 
Equivalent
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Complex Baseband Random Process

51

• If this x(u,t) is WSS:

Rx(⌧) = <
�
Rx̄(⌧)ej2⇡f⌧

 

Sx(f) =
1

2
Sx̄(f � fc) +

1

2
S⇤
x̄(�f � fc)

x(u, t) is WSS () x̄(u, t) is circular and WSS

() eRx̄(t1, t2) = 0, Rx̄(t1, t2) = Rx̄(t1 � t2)

() RxI (⌧) = RxQ(⌧) AND RxIxQ(⌧) = RxIxQ(�⌧)
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Complex BB Equivalent of AWGN

52

The in-phase and quadrature 
components are real AWGN 

processes (independent)

n̄(u, t) = nI(u, t) + jnQ(u, t)

RnI (⌧) = RnI (⌧)

=
N0

2
�(⌧)

RninQ(⌧) = 0

SnI (f) = SnI (f)

=
N0

2

Rn̄(⌧) = N0�(⌧)

Sn̄(f) = N0

This can be viewed as the 
limit of a narrowband 

“white” Gaussian noise 
model as the bandwidth 

goes to infinity
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“Signaling” Topics

• Complex baseband representation (deterministic)

• Signal space representation and dimensionality (deterministic)

• Common methods of digital modulation 

• Summary of some results from 562 

• Additive White Gaussian (AWGN) channel

• Complex baseband representation (random processes)

• Power spectral density of common digital modulations

53
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QASK PSD
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x(u, t) =
X

k

Xk(u)p(t� kT � ↵(u))

Xk(u) ⇠ iid and uniform over (zero-centroid) QASK constellation

↵(u) ⇠ uniform on [0, T ] (to make WSS)

↵(u), {Xk(u)} ⇠ independent
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QASK PSD
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� = �(t� kT � ↵)

Sx̄(f) =
E
�
|Xk(u)|2

 

T
|P (f)|2

Rx(⌧) = E {x(u, t+ ⌧)x⇤(u, t)}

= E
( 

X

k

Xk(u)p(t+ ⌧ � kT � ↵(u))

! 
X

m

Xm(u)p(t�mT � ↵(u))

!⇤)

=
X

k

X

m

E
n
Xk(u)X

⇤
m(u)p(t+ ⌧ � kT � ↵(u))p⇤(t�mT � ↵(u))

o

=
X

k

X

m

E
n
Xk(u)X

⇤
m(u)

o
E {p(t+ ⌧ � kT � ↵(u))p⇤(t�mT � ↵(u))}

=
X

k

X

m

E
�
|Xk(u)|2

 
�[k �m]E {p(t+ ⌧ � kT � ↵(u))p⇤(t�mT � ↵(u))}

= �2
X̄

X

k

E {p(t+ ⌧ � kT � ↵(u))p⇤(t� kT � ↵(u))}

= �2
X̄

X

k

1

T

Z T

0
p(t+ ⌧ � kT � ↵)p⇤(t� kT � ↵)d↵

= �2
X̄

X

k

1

T

Z (k+1)T�t

kT�t
p(⌧ � �)p⇤(��)d�

=
�2
X̄

T

Z 1

�1
p(⌧ � �)p⇤(��)d�

=
�2
X̄

T
p(⌧) ⇤ p⇤(�⌧)
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QASK PSD
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fT
0 1 2 3 4 5 6 7 8
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D

 (d
B)
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0
rect
sin

t/T
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pu
ls

e 
sh
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Memoryless (Non-linear) Modulations

57

x(u, t) =
X

k

s̄Xk(u)(t� kT )

Xk(u) 2 {0, 1, . . .M � 1} (uncorrelated)

s̄m(t)(lasts  T seconds)

c̄(t) =
1

M

M�1X

m=0

s̄m(t)

s̄cm(t) = s̄m(t)� c̄(t)

Sx̄(f) =
1

MT

M�1X

m=0

|Sc
m(f)|2 + |C(f)|2

X

k

�(f � k/T )

Sc
m(f) = FT {s̄cm(t)}

C(f) = FT {c(t)}

spectral lines due to 
periodic, deterministic 

component due to non-zero 
centroid
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PSD of Orthogonal FSK 

58

hsm, s̄ni =
Es

T

Z T

0
cos

✓
2⇡


fc +

2m+ 1�M

2
�

�
t

◆
cos

✓
2⇡


fc +

2n+ 1�M

2
�

�
t

◆
dt

hsm, s̄ni =
Es

T

Z T

0
exp

✓
j2⇡


2m+ 1�M

2
�

�
t

◆
exp

✓
�j2⇡


2n+ 1�M

2
�

�
t

◆
dt

hsm, sni = 0 () �min =
1

T

() cos

✓
2⇡fct+

2⇡

M
m

◆
? cos

✓
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M = 2, Delta = 1/T

There are Dirac deltas at integer fT with area falling the red curve

(compare w/ Benedetto Fig. 5.19)



© Keith M. Chugg, 2015

PSD of Orthogonal FSK 

60

sm(t) =
p

Esp(t)
p
2 cos (2⇡ [fc+] t) m = 0, 1, . . .M � 1

s̄m(t) =
p

Esp(t) exp (j2⇡fmt)

fm =
2m+ 1�M

2
�

� = tone separation

M = 16, Delta = 1/T

There are Dirac deltas at integer fT with area following the red curve

fT
-25 -20 -15 -10 -5 0 5 10 15 20 25

PS
D

 (d
B)

-120

-100

-80

-60

-40

-20

0
data spectrum
centroid envelope

fT
-25 -20 -15 -10 -5 0 5 10 15 20 25

PS
D

0

0.01

0.02

0.03

0.04

0.05

0.06
data spectrum
centroid envelope


