K-L EXPANSION SUMMARY — (© KEITH M. CHUGG

“Properties”

Vector Case

Continuous Time t € [0, T]

Assumptions:
x(u) is random

element of S

Sr=C"
x(u) is a second moment

(n x 1) random vector

Sy = La(10.7)) = {£ : ] 1F O < oo}

x(u,t) is a second moment random waveform with:

x(u,t) continuous in the mss V ¢ € [0, T]

my =0 fOT fOT ‘Kx(tl,tg)‘thldtQ < o0
ma(t) =0 t€[0,7]
Inner product for Sy (a,b) =bla = fOT f(t)g*(t)dt

Eigen-equation

Kxek:)\k.ek k:1,2,...n

fOT Kx(tl,tg)ek(tg)dtg = )\kek(tl) t; € [O,T}, k=1,2,...

Real, non-negative e-values e};el =og(k—=1) X >0 fo ex(t)er(t)dt = dx(k—1) A\ >0
Orthonormal e-vectors form acC' = a=),_ e fe ,Cg([O,T]) = f(t) => 42, Frer(t) t€0,T]
full basis for Sy a, = ela Fio= [ f()ep(t)dt

KL-Expansion: x(u) =Y 1y Xi(u)eg x(u, ) = ZZO 1 Xk(u)eg(t) t€[0,T] (mss)

Eigen expansion Xi(u) = elx(u) fo (u,t)er(t)dt (mss)

with mean zero, E{Xk(u)} =0 E{Xk(u)} =0

uncorrelated coefficients E{Xk(u) X/ (u)} = Mor (k—1) E{Xk(u) X (u)} = M0 (k= 1)

Mercer’s Theorem Ki=>1, )\kekeL Ky(ti,t2) = > pe Aer(t)er(ta) ti,t2 € (0,71,
Total Energy E{lx()*} =tr (Kx) = Y1 1 M {fo |z (u,t)]| th} fo Lt t)dt =372 Ak
Singularity Ky singular < Kya=0 a#0 K, (t1,t2) singular <~ fo 2(t1,ta) f(t2)dta =0 f#0

and null directions

<= A\, =0 for some m — einx(u)

e,, is the “null-direction”

£0

< \,, =0 for some m = fo x(u,t)er(t) =0 (mss)

em(t) is the “null-direction”
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