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Figure 1: The hyperplane orthogonal to a, passing through the origin, for M = 2.

Hyperplanes arise in the interpretation of many machine learning (ML) algorithms and prob-
lems, especially those with linear models. This document develops several concepts that are useful
throughout the class and, more generally, in the study of ML.

1 Hyperplane Passing Through the Origin

A hyperplane passing through the origin is defined as

Ha,0 = {x : atx = 0} a 6= 0 (1)

where the variable vector x and the coefficient vector a are both in RM . When there is little room
for confusion, we will simplify this notation to H0. The hyperplane represents a linear constraint
on the variables {xi}Mi=1 and therefore Ha,0 is a (M − 1) dimensional linear subspace of RM . For
M = 1, M = 2, and M = 3, this is a point, line, and plane, respectively. For M > 3, this is a
hyper-dimensional extension of a plane, hence the name hyperplane.

For M = 2 the equation for the line is

x ∈ Ha,0 ⊂ R2 ⇐⇒ x2 =
−a1

a2
x1 (2)

where it has been assumed that a2 6= 0. This is the equation of a line in the (x1, x2) plane with
slope −a1/a2. This example is shown in Fig. 1.

Note that the line in Fig. 1 is orthogonal to the vector a. This is true in general. In fact, a
forms a basis for the orthogonal complement of Ha,0, which is a one-dimensional linear subspace of
RM . In other words, any vector that is orthogonal to all vectors in Ha,0 is a scalar multiple of a.
The example from Fig. 1 is extended to M = 3 in Fig. 2, where we’ve tried out best to illustrate
the plane Ha,0 passing through the origin with a orthogonal to the plane. Any vector x ∈ Ha,0 is
orthogonal to a by definition so a is orthogonal to the hyperplane. Another way to see this is that
Ha,0 is a level curve for the function f(x) = atx, ∇xf(x) = a, and the gradient of a function is
orthogonal to all if its level curves. For this reason, we can use the following terminology

Ha,0 = the hyperplane normal to a passing through the origin
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a

Figure 2: The hyperplane orthogonal to a, passing through the origin, for M = 3.

The fact that Ha,0 is a M − 1 dimensional subset of RM and span(a) is the one-dimensional
orthogonal complement motivates an orthogonal decomposition of an arbitrary vector x ∈ RM of
the form

x = xH0
+ xH⊥0

(3a)

= xH0
+
(
xtua

)
ua (3b)

= xH0
+RH⊥a,0

(x)ua (3c)

where ua is unit vector in the direction of a and RH⊥a,0
(x) is the projection coefficient of x in the

direction of a:

ua =
a

‖a‖ (4)

RH⊥a,0
(x)

∆
= xtua =

atx

‖a‖ (5)

The term xH0
in (3) is the projection of x onto the subspace Ha,0 and xH⊥0

is the projection onto
the one-dimensional space with basis ua. Thus, xH0

is the closest point in Ha,0 to x – i.e., it is the

minimizing vector for the problem: minv∈Ha,0 ‖x− v‖. Similarly, xH⊥0
is the closest point in H⊥a,0 to

x – i.e., the minimizing value of v of minv∈H⊥a,0
‖x− v‖.

The M = 2 example from Fig. 1 is updated to show this decomposition in Fig. 3. Note that
RH⊥a,0

(x) = ‖x‖ cos θx,a where θx,a is the angle between x and a (or, equivalently ua). This means

that RH⊥a,0
(x) > 0 for θx,a ∈ (−π/2,+π/2) and RH⊥a,0

(x) < 0 for θx,a ∈ (π/2, 3π/2). Stated
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Figure 3: The hyperplane Ha,0 and a vector x in M = 2. The orthogonal decomposition of x into
xH0

+ xH⊥0
is shown. Also shown below is the view on the 1-dimensional space with basis ua.

differently, RH⊥a,0
(x) is positive when x points in the same general direction as a and negative when

it points in generally the opposite direction as a.
Finally, note that Ha,0 = H−a,0 since if x is orthogonal to a it is also orthogonal to −a. However,

RH⊥a,0
(x) = −RH⊥−a,0

(x) (6)

since, referring to Fig. 3, the direction of the u−a axis is antipodal to that of the ua axis. This
concept is illustrated in Fig. 4 in which the example of Fig. 3 is continued. The quantity RH⊥a,0

(x)

is sometimes referred to as an algebraic distance or a signed distance. This is because RH⊥a,0
(x)

is the algebraic difference between the projection coefficient of x onto a and the projection of
the zero vector onto a. This difference is positive when θx,a ∈ (−π/2,+π/2) and negative for
θx,a ∈ (π/2, 3π/2). This is a somewhat trivial observation amounting to RH⊥a,0

(x) − 0 = RH⊥a,0
(x),

but it will become more apparent in the next section why we point out this interpretation at this
point in the development. In any event, RH⊥a,0

(x) is more accurately referred to as a difference than

a distance since a mathematical measure of distance is strictly non-negative.

2 Hyperplane Offset From the Origin

A Hyperplane offset, or shifted, from the origin is defined by

Ha,c = {x : atx = c} = {x : atx− c = 0} a 6= 0 (7)
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x1

<latexit sha1_base64="OatMiAWOhjnEdVF6//yXrmP+tiw=">AAACC3icbVDLTgIxFL2DL8QX6pJNI9G4IjMkPnaSsNAlRnkkQEinU6ChM520HeOE8AlsNX6HO+OWj/A7XLqxDG4GPEmTk3Nu7z05bsiZ0rb9ZWXW1jc2t7LbuZ3dvf2D/OFRQ4lIElonggvZcrGinAW0rpnmtBVKin2X06Y7qs795hOViongUcch7fp4ELA+I1gb6eG5V+7li3bJToBWifNHijc/t2+FWcur9fLfHU+QyKeBJhwr1XbsUHfHWGpGOJ3kOpGiISYjPKDjJOAEnRrJQ30hzQs0StTUXFXiWHCc5FXpFdhXKvZds8THeqiWvbn4n9eOdP+6O2ZBGGkakEWGfsSRFmheBPKYpETz2BBMJDPhERliiYk2daWujHwyMS05y52skka55FyWLu7tYuUMFshCAU7gHBy4ggrcQQ3qQGAAU3iBV2tqvVsf1udiNGP9/TmGFKzZLzWQn0o=</latexit>

x2
<latexit sha1_base64="XMSWbnzRoRwNYId+JzV1MtoSKzM="></latexit>

Ha,0

<latexit sha1_base64="W146DMMA6d7c4wQdjxYTpHqAJ4E=">AAACJ3icbVDLSsNAFJ1UrbW+oi5FGCyKq5IIPpaFblxWsA9oSphMJu3QyYN5CCFk5Z+461b/wa070aVLwZ0/YJK6SeuBgcO5d8699zgRo0IaxodWWVldq67XNuqbW9s7u/refk+EimPSxSEL+cBBgjAakK6kkpFBxAnyHUb6zrSd1/v3hAsaBncyjsjIR+OAehQjmUm2fpRYhUnCiZtCSwUu4blXolIbpbbeMJpGAbhMzD/SaFUj9/vr8aVj6z+WG2Llk0BihoQYmkYkRwnikmJG0rqlBIkQnqIxSYq5KTzJJBd6Ic9eIGGhlvraHMUhQ8UtomyBfCFi38lMfCQnYrGWi//Vhkp616OEBpGSJMDzHTzFoAxhHhJ0KSdYsjgjCHOaLQ/xBHGEZRZlacrUx3lK5mImy6R33jQvmxe3WVynYI4aOATH4AyY4Aq0wA3ogC7A4AHMwBN41mbaq/amvc9bK9rfnwNQgvb5CzOhrCw=</latexit>ua

<latexit sha1_base64="H6vKHmZhPUYHV96Hp/EzbHcZi88=">AAACJ3icbVDLSsNAFJ20Pmp9VV2KMFgUVyURfCwLXeiygn1AW8pkcluHTiZhZiKWkJVf4cZ9d6K/4N6d6NJv8AdM0m7SemDgcO6dc+89ts+Z0qb5beTyS8srq4W14vrG5tZ2aWe3qbxAUmhQj3uybRMFnAloaKY5tH0JxLU5tOxRLam37kEq5olbPfah55KhYANGiY6lfukg7KYm4ZUEEBHuBsIBmbiFD1HUL5XNipkCLxJrRsrVXDH//vL8VO+XfruORwMXhKacKNWxTF/3QiI1oxyiYjdQ4BM6IkMI07kRPoolBw88GT+hcapm+mqSjD1O0ltU1oK4So1dOzZxib5T87VE/K/WCfTgshcy4QcaBJ3uMAg41h5OQsIOk0A1H8eEUMni5TG9I5JQHUeZmTJyaZKSNZ/JImmeVqzzytlNHNcxmqKA9tEhOkEWukBVdI3qqIEoekQT9IrejInxYXwaX9PWnDH7s4cyMH7+ACNrqsg=</latexit>

x

<latexit sha1_base64="s9GOVxBpLFvYiOjB29CucV0+Hy0="></latexit>xH0

<latexit sha1_base64="8UQZ8Ivj/ABKjuQHJADgJpYyZQk="></latexit>

xH?
0

<latexit sha1_base64="KOULSplklVqZi8OqWRJHFop2JE4=">AAACJ3icbVDLSsNAFJ1UrbW+qi5FCBbFVUkEH8tCNy4r2Ac0JdxMpu3QSSbMTKQlxI1/4q5b/Qe37kSXLgV3/oBJ2k1bDwwczn2dOU7AqFSG8anlVlbX8uuFjeLm1vbObmlvvyl5KDBpYM64aDsgCaM+aSiqGGkHgoDnMNJyhrW03ronQlLu36lxQLoe9H3aoxhUItmlIyv0XSLS8SiM7QjiB8tz+CiCEZWxXSobFSODvkzMGSlX84H78/30WrdLv5bLcegRX2EGUnZMI1DdCISimJG4aIWSBICH0CdRZj7WTxLJ1XtcJM9XeqbO9dUEjDmD7C9yfgV4Uo49J1nigRrIxVoq/lfrhKp33Y2oH4SK+HjqoRcyXXE9DUl3qSBYsXFCAAuamNfxAARglUQ5d2Xo4TQlczGTZdI8r5iXlYvbJK5TNEUBHaJjdIZMdIWq6AbVUQNh9Igm6Bm9aBPtTXvXPqatOW02c4DmoH39Ae73rJs=</latexit>

ua axis

<latexit sha1_base64="1jsh2R/WPopwpKjig1Su2eKpfHU=">AAACFHicbVDLSsNAFJ3UV1tfVZfdBIviQkoi+FgWunFZwT6gKeVmOmmHTh7M3Igh9De6cKF+iDtx697v8AdM0m7SemDgcM6dew/HDgRXaBg/WmFjc2t7p1gq7+7tHxxWjo47yg8lZW3qC1/2bFBMcI+1kaNgvUAycG3Buva0mfrdJyYV971HjAI2cGHscYdTwESyLJwwhGH8fAmzYaVm1I0M+joxl6TWKL1Wiy+FsDWs/Fojn4Yu85AKUKpvGgEOYpDIqWCzshUqFgCdwpjFWdKZfpZII93xZfI81DM1N9eUEPkCsuAqvwJcpSLXTpa4gBO16qXif14/ROduEHMvCJF5dJHBCYWOvp42oo+4ZBRFlBCgkifhdToBCRST3nJXpi5NWzJXO1knnau6eVO/fkjqOicLFEmVnJILYpJb0iD3pEXahJKAzMkbedfm2of2qX0tRgva8s8JyUH7/gNwg6HO</latexit>

✓x,a

<latexit sha1_base64="xbUCAXpB52OH9V2B+TITbNXpJIw="></latexit>

RH?
a,0

(x)

<latexit sha1_base64="KOULSplklVqZi8OqWRJHFop2JE4=">AAACJ3icbVDLSsNAFJ1UrbW+qi5FCBbFVUkEH8tCNy4r2Ac0JdxMpu3QSSbMTKQlxI1/4q5b/Qe37kSXLgV3/oBJ2k1bDwwczn2dOU7AqFSG8anlVlbX8uuFjeLm1vbObmlvvyl5KDBpYM64aDsgCaM+aSiqGGkHgoDnMNJyhrW03ronQlLu36lxQLoe9H3aoxhUItmlIyv0XSLS8SiM7QjiB8tz+CiCEZWxXSobFSODvkzMGSlX84H78/30WrdLv5bLcegRX2EGUnZMI1DdCISimJG4aIWSBICH0CdRZj7WTxLJ1XtcJM9XeqbO9dUEjDmD7C9yfgV4Uo49J1nigRrIxVoq/lfrhKp33Y2oH4SK+HjqoRcyXXE9DUl3qSBYsXFCAAuamNfxAARglUQ5d2Xo4TQlczGTZdI8r5iXlYvbJK5TNEUBHaJjdIZMdIWq6AbVUQNh9Igm6Bm9aBPtTXvXPqatOW02c4DmoH39Ae73rJs=</latexit>

ua axis
<latexit sha1_base64="xbUCAXpB52OH9V2B+TITbNXpJIw="></latexit>

RH?
a,0

(x)
<latexit sha1_base64="bUKpc6vzPKZJWqvavxGUHtfQRt0=">AAACBXicbVDLSgMxFL3js9ZXdesmWJS6KTOCj52FblxWsA9oS8mkmTY0mQxJRhhKv6ALN/oXbty51b/wO8S96bSbaT0QOJxzc+/h+BFn2rjut7O2vrG5tZ3bye/u7R8cFvJHDS1jRWidSC5Vy8eachbSumGG01akKBY+p01/VJ35zSeqNJPho0ki2hV4ELKAEWys9OD2CkW37KZAq8RbkOLdW+n367lzUesVfjp9SWJBQ0M41rrtuZHpjrEyjHA6yXdiTSNMRnhAx2m8CTqzUh8FUtkXGpSqmbmqwonkOE2rsyuw0DoRvl0isBnqZW8m/ue1YxPcdscsjGJDQzLPEMQcGYlmNaA+U5QYnliCiWI2PCJDrDAxtqzMlZEgE9uSt9zJKmlclr3r8lWxcg5z5OAETqEEHtxABe6hBnUgQGEKL/DqTJ1352M+uOYsfhxDBs7nHwwlnT4=</latexit>

0

<latexit sha1_base64="7onQUacuM157ZS1v7gOay2Z95JQ=">AAACN3icbVDLSgMxFM1o1Vpf42PnJlgUNy0zgo9loZsuK9gHtKVk0rQNzWSGPIRhmK/wa7rVr3AluBC34sKtmWkXtvVC4OTcm3NPjhcyKpXjvFpr67mNza38dmFnd2//wD48aspAC0waOGCBaHtIEkY5aSiqGGmHgiDfY6TlTappv/VIhKQBf1BRSHo+GnE6pBgpQ/XtUjfTiOtahIwksKv5gIhULdZJPy79uaMk6dtFp+xkBVeBOwfFyknu3a9ZP/W+/d0dBFj7hCvMkJQd1wlVL0ZCUWzWFbpakhDhCRqRODOSwHNDDeAwEOZwBTN2Ya4qUBQwlP1NLkogX8rI94yIj9RYLvdS8r9eR6vhXS+mPNSKcDzzMNQMqgCmocEBFQQrFhmAsKDGPMRjJBBWJtqFLRMfpym5y5msguZV2b0pX9+buC7ArPLgFJyBS+CCW1ABNVAHDYDBE5iCZ/BiTa0368P6nI2uWfM3x2ChrK9fEmGx4A==</latexit>

u�a

<latexit sha1_base64="SvshzwIsc6ja/wOSvxfGLqtHLoc="></latexit>

RH?
�a,0

(x)

<latexit sha1_base64="SvshzwIsc6ja/wOSvxfGLqtHLoc="></latexit>

RH?
�a,0

(x)

<latexit sha1_base64="ildvg+HyaTX+N0jUl4IjKMBj0zU="></latexit>

H�a,0

Figure 4: The same diagram as shown in Fig. 3, but with the unit vector in the direction of −a
shown along with the projection coefficient of x along that direction, RH⊥−a,0

(x).

where, again, x and a are the variable and coefficient vectors, respectively, and, now, c is a real
constant. If c = 0, this is a hyperplane through the origin, but for c 6= 0, this is a hyperplane that
does not pass through the origin – i.e., at0 + c 6= 0. Note that Ha,c is a subspace of RM for all
choices of c, but it is a linear subspace only for c = 0 since Ha,c does not contain the origin for
c 6= 0. For c 6= 0, Ha,c is an affine transformation of the linear space Ha,0. For M = 2, this is a
line, governed by

x ∈ Ha,c ⊂ R2 ⇐⇒ x2 =
−a1

a2
x1 +

c

a2
(8)

This is illustrated in Fig. 5, which extends the example of Fig. 3, where two values of c are
considered. It is worth noting that in this example, since a is in the first quadrant, a1, a2 are both
positive. Since the intercept on the x2-axis is positive, it can be deduced that c2 > c1 > 0 in the
example of Fig. 5. Thus, a positive value of c offsets Ha,0 in the the direction of a and a negative
value of c offsets Ha,0 in the antipodal direction of a. Two other examples of planes offset from the
origin are shown in Fig. 6 for M = 3.

In fact, every vector in Ha,c is vector in Ha,0 plus a scalar multiple of a that depends on c. More
precisely,

x ∈ Ha,c ⇐⇒ x = xH0
+

c

‖a‖ua (9)

Notice that xH0
∈ Ha,0 and it is the projection of x onto Ha,0. The vector c

‖a‖ua is orthogonal to
Ha,0, so it has zero projection coefficient on Ha,0. This concept is illustrated in Fig. 7. Also, we can
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x1

<latexit sha1_base64="OatMiAWOhjnEdVF6//yXrmP+tiw=">AAACC3icbVDLTgIxFL2DL8QX6pJNI9G4IjMkPnaSsNAlRnkkQEinU6ChM520HeOE8AlsNX6HO+OWj/A7XLqxDG4GPEmTk3Nu7z05bsiZ0rb9ZWXW1jc2t7LbuZ3dvf2D/OFRQ4lIElonggvZcrGinAW0rpnmtBVKin2X06Y7qs795hOViongUcch7fp4ELA+I1gb6eG5V+7li3bJToBWifNHijc/t2+FWcur9fLfHU+QyKeBJhwr1XbsUHfHWGpGOJ3kOpGiISYjPKDjJOAEnRrJQ30hzQs0StTUXFXiWHCc5FXpFdhXKvZds8THeqiWvbn4n9eOdP+6O2ZBGGkakEWGfsSRFmheBPKYpETz2BBMJDPhERliiYk2daWujHwyMS05y52skka55FyWLu7tYuUMFshCAU7gHBy4ggrcQQ3qQGAAU3iBV2tqvVsf1udiNGP9/TmGFKzZLzWQn0o=</latexit>

x2
<latexit sha1_base64="XMSWbnzRoRwNYId+JzV1MtoSKzM="></latexit>

Ha,0

<latexit sha1_base64="W146DMMA6d7c4wQdjxYTpHqAJ4E=">AAACJ3icbVDLSsNAFJ1UrbW+oi5FGCyKq5IIPpaFblxWsA9oSphMJu3QyYN5CCFk5Z+461b/wa070aVLwZ0/YJK6SeuBgcO5d8699zgRo0IaxodWWVldq67XNuqbW9s7u/refk+EimPSxSEL+cBBgjAakK6kkpFBxAnyHUb6zrSd1/v3hAsaBncyjsjIR+OAehQjmUm2fpRYhUnCiZtCSwUu4blXolIbpbbeMJpGAbhMzD/SaFUj9/vr8aVj6z+WG2Llk0BihoQYmkYkRwnikmJG0rqlBIkQnqIxSYq5KTzJJBd6Ic9eIGGhlvraHMUhQ8UtomyBfCFi38lMfCQnYrGWi//Vhkp616OEBpGSJMDzHTzFoAxhHhJ0KSdYsjgjCHOaLQ/xBHGEZRZlacrUx3lK5mImy6R33jQvmxe3WVynYI4aOATH4AyY4Aq0wA3ogC7A4AHMwBN41mbaq/amvc9bK9rfnwNQgvb5CzOhrCw=</latexit>ua

<latexit sha1_base64="H6vKHmZhPUYHV96Hp/EzbHcZi88=">AAACJ3icbVDLSsNAFJ20Pmp9VV2KMFgUVyURfCwLXeiygn1AW8pkcluHTiZhZiKWkJVf4cZ9d6K/4N6d6NJv8AdM0m7SemDgcO6dc+89ts+Z0qb5beTyS8srq4W14vrG5tZ2aWe3qbxAUmhQj3uybRMFnAloaKY5tH0JxLU5tOxRLam37kEq5olbPfah55KhYANGiY6lfukg7KYm4ZUEEBHuBsIBmbiFD1HUL5XNipkCLxJrRsrVXDH//vL8VO+XfruORwMXhKacKNWxTF/3QiI1oxyiYjdQ4BM6IkMI07kRPoolBw88GT+hcapm+mqSjD1O0ltU1oK4So1dOzZxib5T87VE/K/WCfTgshcy4QcaBJ3uMAg41h5OQsIOk0A1H8eEUMni5TG9I5JQHUeZmTJyaZKSNZ/JImmeVqzzytlNHNcxmqKA9tEhOkEWukBVdI3qqIEoekQT9IrejInxYXwaX9PWnDH7s4cyMH7+ACNrqsg=</latexit>

x

<latexit sha1_base64="s9GOVxBpLFvYiOjB29CucV0+Hy0="></latexit>xH0

<latexit sha1_base64="8UQZ8Ivj/ABKjuQHJADgJpYyZQk="></latexit>

xH?
0
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ua axis
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✓x,a

<latexit sha1_base64="xbUCAXpB52OH9V2B+TITbNXpJIw="></latexit>

RH?
a,0

(x)

<latexit sha1_base64="KOULSplklVqZi8OqWRJHFop2JE4=">AAACJ3icbVDLSsNAFJ1UrbW+qi5FCBbFVUkEH8tCNy4r2Ac0JdxMpu3QSSbMTKQlxI1/4q5b/Qe37kSXLgV3/oBJ2k1bDwwczn2dOU7AqFSG8anlVlbX8uuFjeLm1vbObmlvvyl5KDBpYM64aDsgCaM+aSiqGGkHgoDnMNJyhrW03ronQlLu36lxQLoe9H3aoxhUItmlIyv0XSLS8SiM7QjiB8tz+CiCEZWxXSobFSODvkzMGSlX84H78/30WrdLv5bLcegRX2EGUnZMI1DdCISimJG4aIWSBICH0CdRZj7WTxLJ1XtcJM9XeqbO9dUEjDmD7C9yfgV4Uo49J1nigRrIxVoq/lfrhKp33Y2oH4SK+HjqoRcyXXE9DUl3qSBYsXFCAAuamNfxAARglUQ5d2Xo4TQlczGTZdI8r5iXlYvbJK5TNEUBHaJjdIZMdIWq6AbVUQNh9Igm6Bm9aBPtTXvXPqatOW02c4DmoH39Ae73rJs=</latexit>

ua axis

<latexit sha1_base64="xbUCAXpB52OH9V2B+TITbNXpJIw="></latexit>

RH?
a,0

(x)<latexit sha1_base64="bUKpc6vzPKZJWqvavxGUHtfQRt0=">AAACBXicbVDLSgMxFL3js9ZXdesmWJS6KTOCj52FblxWsA9oS8mkmTY0mQxJRhhKv6ALN/oXbty51b/wO8S96bSbaT0QOJxzc+/h+BFn2rjut7O2vrG5tZ3bye/u7R8cFvJHDS1jRWidSC5Vy8eachbSumGG01akKBY+p01/VJ35zSeqNJPho0ki2hV4ELKAEWys9OD2CkW37KZAq8RbkOLdW+n367lzUesVfjp9SWJBQ0M41rrtuZHpjrEyjHA6yXdiTSNMRnhAx2m8CTqzUh8FUtkXGpSqmbmqwonkOE2rsyuw0DoRvl0isBnqZW8m/ue1YxPcdscsjGJDQzLPEMQcGYlmNaA+U5QYnliCiWI2PCJDrDAxtqzMlZEgE9uSt9zJKmlclr3r8lWxcg5z5OAETqEEHtxABe6hBnUgQGEKL/DqTJ1352M+uOYsfhxDBs7nHwwlnT4=</latexit>

0

<latexit sha1_base64="pcR1cI6aKPeU8RKLgYCoKxUlOZc="></latexit>

Ha,c1

<latexit sha1_base64="Git1IAjmrx6f66eiOoL6pvk1mfI="></latexit>

Ha,c2

<latexit sha1_base64="Me9kx2QJLy3AIA2UsZizt5/VhY0=">AAACM3icbVC7TsMwFHV4lneBkcWiAsFSkko8RiQWxqLSgtRU1Y3rFquOHdkOUhXyDfwJW1f4DsRWsTLxAzhpl7YcydLROdfH1yeIONPGdT+dhcWl5ZXVwtr6xubW9k5xd6+hZawIrRPJpXoMQFPOBK0bZjh9jBSFMOD0IejfZP7DM1WaSXFvBhFthdATrMsIGCu1i6eJn4ckNeChFCkm7coZ9l+wH4sOVVlsAqkV0nax5JbdHHieeBNSul6J3mrUGVXbxV+/I0kcUmEIB62bnhuZVgLKMMJpuu7HmkZA+tCjSb5Dio+s1MFdqewRBufq1NyNgoHkkP9LT0dAqPUgDGxICOZJz3qZ+J/XjE33qpUwEcWGCjLeoRtzbCTOCsMdpigxfGAJEMXs8pg8gQJibK1Tr/RDkrXkzXYyTxqVsndRPr+zdR2jMQroAB2iE+ShS3SNblEV1RFBr2iI3tGHM3S+nJHzPR5dcCZ39tEUnJ8/Zn2u2g==</latexit>

c2/kak
<latexit sha1_base64="EdWF1BSjbor+Hpkn7AAh1eOmIEU=">AAACM3icbVC7TsMwFHUKlFJeAUYWiwoES0mQeIyVujAWQR9SU0WO47RWnYdsBykK/Qb+hK0rfAdiq1iZ+AGctEtarmTp6Jzrc+89TsSokIbxqZXW1jfKm5Wt6vbO7t6+fnDYEWHMMWnjkIW85yBBGA1IW1LJSC/iBPkOI11n3Mz07jPhgobBk0wiMvDRMKAexUgqytYvUis3SVsxjxiZQGybl9B6gVYcuIRntimaKGJi6zWjbuQFV4G5ALVGOXp7JNqsZeu/lhvi2CeBxAwJ0TeNSA5SxCXFalLVigWJEB6jIUnzHSbwVFEu9EKuXiBhzhb6mhwlIUP5XaJogXwhEt9RJj6SI7GsZeR/Wj+W3t0gpUEUSxLg+Q5ezKAMYRYYdCknWLJEAYQ5VctDPEIcYaliLUwZ+zhLyVzOZBV0rurmTf36QcV1BuZVAcfgBJwDE9yCBrgHLdAGGLyCKXgHH9pU+9Jm2ve8taQt/hyBQmk/f32Yruc=</latexit>

c1/kak

Figure 5: Three hyperplanes, each orthogonal to a, are shown: Ha,0 which passes through the origin
and Ha,c1 and Ha,c2 which are offset from the origin along the direction of a by c1/‖a‖ and c2/‖a‖,
respectively. In this example c1 and c2 are positive. Note that x lies on the non-origin side of Ha,c1

and the origin side of Ha,c2 . Also shown is the projection onto the one-dimensional subspace with
basis ua.
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(a) a = [−2 6]t and c = 10
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(b) a = [2 10]t and c = −5

Figure 6: Examples of offset hyperplanes with M = 3.

confirm algebraically that x in (9) is in Ha,c via

at

(
xH0

+
c

‖a‖ua
)

= ‖a‖ut
a

(
xH0

+
c

‖a‖ua
)

(10a)

= 0 + c‖ua‖2 (10b)

= c (10c)

This motivates the definition of an offset vector oa,c that offsets the origin to Ha,c

oa,c =
c

‖a‖ua (11)

and the notation that
Ha,c = Ha,0 +

c

‖a‖ua (12)

which is shorthand for (9). For example, in Fig. 7, since x ∈ Ha,c, oa,c = xH⊥0
. More generally,

oa,c is the vector in Ha,c that is closest to the origin. Since a is orthogonal to Ha,c, oa,c is a scalar
multiple of a. The offset vectors oa,c1 and oa,c2 are not shown in Fig. 5 to avoid clutter, but they
are vectors from the origin along the ua direction to the purple and salmon planes, respectively.
The projection coefficients of oa,c1 and oa,c2 are shown on the one-dimensional diagram, along the
ua direction, shown below the two-dimensional diagram. Given this observation, it is reasonable to
refer to Ha,c as

Ha,c = the hyperplane normal to a, offset from the origin by c/‖a‖ in the direction of a
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<latexit sha1_base64="QyRRkEZs99rtfx0d71aN5C/JO0c=">AAACC3icbVDLTgIxFL2DL8QX6pJNI9G4IjMmPnaSsNAlRnkkQEinU6ChM520HeOE8AlsNX6HO+OWj/A7XLqxDGwGPEmTk3Nu7z05bsiZ0rb9bWXW1jc2t7LbuZ3dvf2D/OFRXYlIElojggvZdLGinAW0ppnmtBlKin2X04Y7rMz8xjOViongScch7fi4H7AeI1gb6fGl63TzRbtkJ0CrxFmQ4u3v3Xth2vSq3fxP2xMk8mmgCcdKtRw71J0RlpoRTse5dqRoiMkQ9+koCThGp0byUE9I8wKNEjU1V5E4FhwneVV6BfaVin3XLPGxHqhlbyb+57Ui3bvpjFgQRpoGZJ6hF3GkBZoVgTwmKdE8NgQTyUx4RAZYYqJNXakrQ5+MTUvOcierpH5Rcq5Klw92sXwGc2ShACdwDg5cQxnuoQo1INCHCbzCmzWxPqxP62s+mrEWf44hBWv6BzPrn0k=</latexit>

x1

<latexit sha1_base64="OatMiAWOhjnEdVF6//yXrmP+tiw=">AAACC3icbVDLTgIxFL2DL8QX6pJNI9G4IjMkPnaSsNAlRnkkQEinU6ChM520HeOE8AlsNX6HO+OWj/A7XLqxDG4GPEmTk3Nu7z05bsiZ0rb9ZWXW1jc2t7LbuZ3dvf2D/OFRQ4lIElonggvZcrGinAW0rpnmtBVKin2X06Y7qs795hOViongUcch7fp4ELA+I1gb6eG5V+7li3bJToBWifNHijc/t2+FWcur9fLfHU+QyKeBJhwr1XbsUHfHWGpGOJ3kOpGiISYjPKDjJOAEnRrJQ30hzQs0StTUXFXiWHCc5FXpFdhXKvZds8THeqiWvbn4n9eOdP+6O2ZBGGkakEWGfsSRFmheBPKYpETz2BBMJDPhERliiYk2daWujHwyMS05y52skka55FyWLu7tYuUMFshCAU7gHBy4ggrcQQ3qQGAAU3iBV2tqvVsf1udiNGP9/TmGFKzZLzWQn0o=</latexit>

x2
<latexit sha1_base64="XMSWbnzRoRwNYId+JzV1MtoSKzM="></latexit>

Ha,0

<latexit sha1_base64="W146DMMA6d7c4wQdjxYTpHqAJ4E=">AAACJ3icbVDLSsNAFJ1UrbW+oi5FGCyKq5IIPpaFblxWsA9oSphMJu3QyYN5CCFk5Z+461b/wa070aVLwZ0/YJK6SeuBgcO5d8699zgRo0IaxodWWVldq67XNuqbW9s7u/refk+EimPSxSEL+cBBgjAakK6kkpFBxAnyHUb6zrSd1/v3hAsaBncyjsjIR+OAehQjmUm2fpRYhUnCiZtCSwUu4blXolIbpbbeMJpGAbhMzD/SaFUj9/vr8aVj6z+WG2Llk0BihoQYmkYkRwnikmJG0rqlBIkQnqIxSYq5KTzJJBd6Ic9eIGGhlvraHMUhQ8UtomyBfCFi38lMfCQnYrGWi//Vhkp616OEBpGSJMDzHTzFoAxhHhJ0KSdYsjgjCHOaLQ/xBHGEZRZlacrUx3lK5mImy6R33jQvmxe3WVynYI4aOATH4AyY4Aq0wA3ogC7A4AHMwBN41mbaq/amvc9bK9rfnwNQgvb5CzOhrCw=</latexit>ua

<latexit sha1_base64="H6vKHmZhPUYHV96Hp/EzbHcZi88=">AAACJ3icbVDLSsNAFJ20Pmp9VV2KMFgUVyURfCwLXeiygn1AW8pkcluHTiZhZiKWkJVf4cZ9d6K/4N6d6NJv8AdM0m7SemDgcO6dc+89ts+Z0qb5beTyS8srq4W14vrG5tZ2aWe3qbxAUmhQj3uybRMFnAloaKY5tH0JxLU5tOxRLam37kEq5olbPfah55KhYANGiY6lfukg7KYm4ZUEEBHuBsIBmbiFD1HUL5XNipkCLxJrRsrVXDH//vL8VO+XfruORwMXhKacKNWxTF/3QiI1oxyiYjdQ4BM6IkMI07kRPoolBw88GT+hcapm+mqSjD1O0ltU1oK4So1dOzZxib5T87VE/K/WCfTgshcy4QcaBJ3uMAg41h5OQsIOk0A1H8eEUMni5TG9I5JQHUeZmTJyaZKSNZ/JImmeVqzzytlNHNcxmqKA9tEhOkEWukBVdI3qqIEoekQT9IrejInxYXwaX9PWnDH7s4cyMH7+ACNrqsg=</latexit>

x

<latexit sha1_base64="s9GOVxBpLFvYiOjB29CucV0+Hy0="></latexit>xH0

<latexit sha1_base64="8UQZ8Ivj/ABKjuQHJADgJpYyZQk="></latexit>

xH?
0

<latexit sha1_base64="KOULSplklVqZi8OqWRJHFop2JE4=">AAACJ3icbVDLSsNAFJ1UrbW+qi5FCBbFVUkEH8tCNy4r2Ac0JdxMpu3QSSbMTKQlxI1/4q5b/Qe37kSXLgV3/oBJ2k1bDwwczn2dOU7AqFSG8anlVlbX8uuFjeLm1vbObmlvvyl5KDBpYM64aDsgCaM+aSiqGGkHgoDnMNJyhrW03ronQlLu36lxQLoe9H3aoxhUItmlIyv0XSLS8SiM7QjiB8tz+CiCEZWxXSobFSODvkzMGSlX84H78/30WrdLv5bLcegRX2EGUnZMI1DdCISimJG4aIWSBICH0CdRZj7WTxLJ1XtcJM9XeqbO9dUEjDmD7C9yfgV4Uo49J1nigRrIxVoq/lfrhKp33Y2oH4SK+HjqoRcyXXE9DUl3qSBYsXFCAAuamNfxAARglUQ5d2Xo4TQlczGTZdI8r5iXlYvbJK5TNEUBHaJjdIZMdIWq6AbVUQNh9Igm6Bm9aBPtTXvXPqatOW02c4DmoH39Ae73rJs=</latexit>

ua axis

<latexit sha1_base64="1jsh2R/WPopwpKjig1Su2eKpfHU=">AAACFHicbVDLSsNAFJ3UV1tfVZfdBIviQkoi+FgWunFZwT6gKeVmOmmHTh7M3Igh9De6cKF+iDtx697v8AdM0m7SemDgcM6dew/HDgRXaBg/WmFjc2t7p1gq7+7tHxxWjo47yg8lZW3qC1/2bFBMcI+1kaNgvUAycG3Buva0mfrdJyYV971HjAI2cGHscYdTwESyLJwwhGH8fAmzYaVm1I0M+joxl6TWKL1Wiy+FsDWs/Fojn4Yu85AKUKpvGgEOYpDIqWCzshUqFgCdwpjFWdKZfpZII93xZfI81DM1N9eUEPkCsuAqvwJcpSLXTpa4gBO16qXif14/ROduEHMvCJF5dJHBCYWOvp42oo+4ZBRFlBCgkifhdToBCRST3nJXpi5NWzJXO1knnau6eVO/fkjqOicLFEmVnJILYpJb0iD3pEXahJKAzMkbedfm2of2qX0tRgva8s8JyUH7/gNwg6HO</latexit>

✓x,a

<latexit sha1_base64="xbUCAXpB52OH9V2B+TITbNXpJIw="></latexit>

RH?
a,0

(x)

<latexit sha1_base64="KOULSplklVqZi8OqWRJHFop2JE4=">AAACJ3icbVDLSsNAFJ1UrbW+qi5FCBbFVUkEH8tCNy4r2Ac0JdxMpu3QSSbMTKQlxI1/4q5b/Qe37kSXLgV3/oBJ2k1bDwwczn2dOU7AqFSG8anlVlbX8uuFjeLm1vbObmlvvyl5KDBpYM64aDsgCaM+aSiqGGkHgoDnMNJyhrW03ronQlLu36lxQLoe9H3aoxhUItmlIyv0XSLS8SiM7QjiB8tz+CiCEZWxXSobFSODvkzMGSlX84H78/30WrdLv5bLcegRX2EGUnZMI1DdCISimJG4aIWSBICH0CdRZj7WTxLJ1XtcJM9XeqbO9dUEjDmD7C9yfgV4Uo49J1nigRrIxVoq/lfrhKp33Y2oH4SK+HjqoRcyXXE9DUl3qSBYsXFCAAuamNfxAARglUQ5d2Xo4TQlczGTZdI8r5iXlYvbJK5TNEUBHaJjdIZMdIWq6AbVUQNh9Igm6Bm9aBPtTXvXPqatOW02c4DmoH39Ae73rJs=</latexit>

ua axis

<latexit sha1_base64="xbUCAXpB52OH9V2B+TITbNXpJIw="></latexit>

RH?
a,0

(x)

<latexit sha1_base64="bUKpc6vzPKZJWqvavxGUHtfQRt0=">AAACBXicbVDLSgMxFL3js9ZXdesmWJS6KTOCj52FblxWsA9oS8mkmTY0mQxJRhhKv6ALN/oXbty51b/wO8S96bSbaT0QOJxzc+/h+BFn2rjut7O2vrG5tZ3bye/u7R8cFvJHDS1jRWidSC5Vy8eachbSumGG01akKBY+p01/VJ35zSeqNJPho0ki2hV4ELKAEWys9OD2CkW37KZAq8RbkOLdW+n367lzUesVfjp9SWJBQ0M41rrtuZHpjrEyjHA6yXdiTSNMRnhAx2m8CTqzUh8FUtkXGpSqmbmqwonkOE2rsyuw0DoRvl0isBnqZW8m/ue1YxPcdscsjGJDQzLPEMQcGYlmNaA+U5QYnliCiWI2PCJDrDAxtqzMlZEgE9uSt9zJKmlclr3r8lWxcg5z5OAETqEEHtxABe6hBnUgQGEKL/DqTJ1352M+uOYsfhxDBs7nHwwlnT4=</latexit>

0

<latexit sha1_base64="8kDvIE2+7vdssQ7xeN2IqlxejY0="></latexit>

Ha,c

Figure 7: The geometry for the example of x in the hyperplane orthogonal to a offset in the direction
of a by c/‖a‖ = RH⊥a,0

(x).
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2.1 Distance Measure for Vectors and Hyperplanes

The offset vector oa,c is the vector in Ha,c that is closest to the origin in the Euclidean sense. It
follows that the norm of this vector represents the distance between Ha,c and 0

Distance between Ha,c and 0 = ‖oa,c‖ =
|c|
‖a‖ (13)

This is illustrated in Fig. 5 for two positive values of c. The case of c < 0 is illustrated in Fig. 8. In
both Figs. 5 and 8, the vector x lies between the planes Ha,c1 and Ha,c2 . In both cases, the distance
from the origin to Ha,c1 and Ha,c2 are |c1|/‖a‖ and |c2|/‖a‖, respectively. Also, in both cases the
distance between the vector x (or, equivalently, xH⊥0

) and Ha,c1 and Ha,c2 are |RH⊥a,0
(x) − c1/‖a‖|

and |RH⊥a,0
(x)− c2/‖a‖|, respectively. More generally,

δ(x,Ha,c) = δ(Ha,c, x) (14a)

= Distance between Ha,c and x (14b)

∆
= min

v∈Ha,c

‖x− v‖ (14c)

=

∣∣∣∣RH⊥a,0
(x)− c

‖a‖

∣∣∣∣ (14d)

=
|atx− c|
‖a‖ (14e)

This distance generalizes to a distance between two hyperplanes via the following definition

δ(Ha,c1 ,Ha,c2) = δ(Ha,c2 ,Ha,c1) (15a)

= Distance between Ha,c1 and Ha,c2 (15b)

∆
= min

v1∈Ha,c1 ,v2∈Ha,c2

‖v1 − v2‖ (15c)

= δ(oa,c1 ,Ha,c2) = δ(oa,c2 ,Ha,c1) (15d)

= ‖oa,c1 − oa,c2‖ (15e)

=
|c1 − c2|
‖a‖ (15f)

2.2 Difference Measure for Vectors and Hyperplanes

The function δ(·) defined above is a distance in the mathematical sense. Specifically, it is symmetric
in its arguments, it is always non-negative, and it obeys the triangle inequality. However, referring
to Figs. 5 and 8, the distance measure is not informative regarding the question of which side of
the hyperplane x lies. To address this, we introduce the (signed) difference function

da(Ha,c, x) = Projection coefficient of x on a − Projection coefficient of oa,c on a (16a)

= RH⊥a,0
(x)− c

‖a‖ (16b)

=
atx− c
‖a‖ (16c)
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<latexit sha1_base64="QyRRkEZs99rtfx0d71aN5C/JO0c=">AAACC3icbVDLTgIxFL2DL8QX6pJNI9G4IjMmPnaSsNAlRnkkQEinU6ChM520HeOE8AlsNX6HO+OWj/A7XLqxDGwGPEmTk3Nu7z05bsiZ0rb9bWXW1jc2t7LbuZ3dvf2D/OFRXYlIElojggvZdLGinAW0ppnmtBlKin2X04Y7rMz8xjOViongScch7fi4H7AeI1gb6fGl63TzRbtkJ0CrxFmQ4u3v3Xth2vSq3fxP2xMk8mmgCcdKtRw71J0RlpoRTse5dqRoiMkQ9+koCThGp0byUE9I8wKNEjU1V5E4FhwneVV6BfaVin3XLPGxHqhlbyb+57Ui3bvpjFgQRpoGZJ6hF3GkBZoVgTwmKdE8NgQTyUx4RAZYYqJNXakrQ5+MTUvOcierpH5Rcq5Klw92sXwGc2ShACdwDg5cQxnuoQo1INCHCbzCmzWxPqxP62s+mrEWf44hBWv6BzPrn0k=</latexit>

x1

<latexit sha1_base64="OatMiAWOhjnEdVF6//yXrmP+tiw=">AAACC3icbVDLTgIxFL2DL8QX6pJNI9G4IjMkPnaSsNAlRnkkQEinU6ChM520HeOE8AlsNX6HO+OWj/A7XLqxDG4GPEmTk3Nu7z05bsiZ0rb9ZWXW1jc2t7LbuZ3dvf2D/OFRQ4lIElonggvZcrGinAW0rpnmtBVKin2X06Y7qs795hOViongUcch7fp4ELA+I1gb6eG5V+7li3bJToBWifNHijc/t2+FWcur9fLfHU+QyKeBJhwr1XbsUHfHWGpGOJ3kOpGiISYjPKDjJOAEnRrJQ30hzQs0StTUXFXiWHCc5FXpFdhXKvZds8THeqiWvbn4n9eOdP+6O2ZBGGkakEWGfsSRFmheBPKYpETz2BBMJDPhERliiYk2daWujHwyMS05y52skka55FyWLu7tYuUMFshCAU7gHBy4ggrcQQ3qQGAAU3iBV2tqvVsf1udiNGP9/TmGFKzZLzWQn0o=</latexit>

x2
<latexit sha1_base64="XMSWbnzRoRwNYId+JzV1MtoSKzM="></latexit>

Ha,0

<latexit sha1_base64="W146DMMA6d7c4wQdjxYTpHqAJ4E=">AAACJ3icbVDLSsNAFJ1UrbW+oi5FGCyKq5IIPpaFblxWsA9oSphMJu3QyYN5CCFk5Z+461b/wa070aVLwZ0/YJK6SeuBgcO5d8699zgRo0IaxodWWVldq67XNuqbW9s7u/refk+EimPSxSEL+cBBgjAakK6kkpFBxAnyHUb6zrSd1/v3hAsaBncyjsjIR+OAehQjmUm2fpRYhUnCiZtCSwUu4blXolIbpbbeMJpGAbhMzD/SaFUj9/vr8aVj6z+WG2Llk0BihoQYmkYkRwnikmJG0rqlBIkQnqIxSYq5KTzJJBd6Ic9eIGGhlvraHMUhQ8UtomyBfCFi38lMfCQnYrGWi//Vhkp616OEBpGSJMDzHTzFoAxhHhJ0KSdYsjgjCHOaLQ/xBHGEZRZlacrUx3lK5mImy6R33jQvmxe3WVynYI4aOATH4AyY4Aq0wA3ogC7A4AHMwBN41mbaq/amvc9bK9rfnwNQgvb5CzOhrCw=</latexit>ua

<latexit sha1_base64="H6vKHmZhPUYHV96Hp/EzbHcZi88=">AAACJ3icbVDLSsNAFJ20Pmp9VV2KMFgUVyURfCwLXeiygn1AW8pkcluHTiZhZiKWkJVf4cZ9d6K/4N6d6NJv8AdM0m7SemDgcO6dc+89ts+Z0qb5beTyS8srq4W14vrG5tZ2aWe3qbxAUmhQj3uybRMFnAloaKY5tH0JxLU5tOxRLam37kEq5olbPfah55KhYANGiY6lfukg7KYm4ZUEEBHuBsIBmbiFD1HUL5XNipkCLxJrRsrVXDH//vL8VO+XfruORwMXhKacKNWxTF/3QiI1oxyiYjdQ4BM6IkMI07kRPoolBw88GT+hcapm+mqSjD1O0ltU1oK4So1dOzZxib5T87VE/K/WCfTgshcy4QcaBJ3uMAg41h5OQsIOk0A1H8eEUMni5TG9I5JQHUeZmTJyaZKSNZ/JImmeVqzzytlNHNcxmqKA9tEhOkEWukBVdI3qqIEoekQT9IrejInxYXwaX9PWnDH7s4cyMH7+ACNrqsg=</latexit>

x

<latexit sha1_base64="s9GOVxBpLFvYiOjB29CucV0+Hy0="></latexit>xH0

<latexit sha1_base64="8UQZ8Ivj/ABKjuQHJADgJpYyZQk="></latexit>

xH?
0

<latexit sha1_base64="KOULSplklVqZi8OqWRJHFop2JE4=">AAACJ3icbVDLSsNAFJ1UrbW+qi5FCBbFVUkEH8tCNy4r2Ac0JdxMpu3QSSbMTKQlxI1/4q5b/Qe37kSXLgV3/oBJ2k1bDwwczn2dOU7AqFSG8anlVlbX8uuFjeLm1vbObmlvvyl5KDBpYM64aDsgCaM+aSiqGGkHgoDnMNJyhrW03ronQlLu36lxQLoe9H3aoxhUItmlIyv0XSLS8SiM7QjiB8tz+CiCEZWxXSobFSODvkzMGSlX84H78/30WrdLv5bLcegRX2EGUnZMI1DdCISimJG4aIWSBICH0CdRZj7WTxLJ1XtcJM9XeqbO9dUEjDmD7C9yfgV4Uo49J1nigRrIxVoq/lfrhKp33Y2oH4SK+HjqoRcyXXE9DUl3qSBYsXFCAAuamNfxAARglUQ5d2Xo4TQlczGTZdI8r5iXlYvbJK5TNEUBHaJjdIZMdIWq6AbVUQNh9Igm6Bm9aBPtTXvXPqatOW02c4DmoH39Ae73rJs=</latexit>

ua axis
<latexit sha1_base64="1jsh2R/WPopwpKjig1Su2eKpfHU=">AAACFHicbVDLSsNAFJ3UV1tfVZfdBIviQkoi+FgWunFZwT6gKeVmOmmHTh7M3Igh9De6cKF+iDtx697v8AdM0m7SemDgcM6dew/HDgRXaBg/WmFjc2t7p1gq7+7tHxxWjo47yg8lZW3qC1/2bFBMcI+1kaNgvUAycG3Buva0mfrdJyYV971HjAI2cGHscYdTwESyLJwwhGH8fAmzYaVm1I0M+joxl6TWKL1Wiy+FsDWs/Fojn4Yu85AKUKpvGgEOYpDIqWCzshUqFgCdwpjFWdKZfpZII93xZfI81DM1N9eUEPkCsuAqvwJcpSLXTpa4gBO16qXif14/ROduEHMvCJF5dJHBCYWOvp42oo+4ZBRFlBCgkifhdToBCRST3nJXpi5NWzJXO1knnau6eVO/fkjqOicLFEmVnJILYpJb0iD3pEXahJKAzMkbedfm2of2qX0tRgva8s8JyUH7/gNwg6HO</latexit>

✓x,a

<latexit sha1_base64="xbUCAXpB52OH9V2B+TITbNXpJIw="></latexit>

RH?
a,0

(x)

<latexit sha1_base64="KOULSplklVqZi8OqWRJHFop2JE4=">AAACJ3icbVDLSsNAFJ1UrbW+qi5FCBbFVUkEH8tCNy4r2Ac0JdxMpu3QSSbMTKQlxI1/4q5b/Qe37kSXLgV3/oBJ2k1bDwwczn2dOU7AqFSG8anlVlbX8uuFjeLm1vbObmlvvyl5KDBpYM64aDsgCaM+aSiqGGkHgoDnMNJyhrW03ronQlLu36lxQLoe9H3aoxhUItmlIyv0XSLS8SiM7QjiB8tz+CiCEZWxXSobFSODvkzMGSlX84H78/30WrdLv5bLcegRX2EGUnZMI1DdCISimJG4aIWSBICH0CdRZj7WTxLJ1XtcJM9XeqbO9dUEjDmD7C9yfgV4Uo49J1nigRrIxVoq/lfrhKp33Y2oH4SK+HjqoRcyXXE9DUl3qSBYsXFCAAuamNfxAARglUQ5d2Xo4TQlczGTZdI8r5iXlYvbJK5TNEUBHaJjdIZMdIWq6AbVUQNh9Igm6Bm9aBPtTXvXPqatOW02c4DmoH39Ae73rJs=</latexit>

ua axis

<latexit sha1_base64="xbUCAXpB52OH9V2B+TITbNXpJIw="></latexit>

RH?
a,0

(x)
<latexit sha1_base64="bUKpc6vzPKZJWqvavxGUHtfQRt0=">AAACBXicbVDLSgMxFL3js9ZXdesmWJS6KTOCj52FblxWsA9oS8mkmTY0mQxJRhhKv6ALN/oXbty51b/wO8S96bSbaT0QOJxzc+/h+BFn2rjut7O2vrG5tZ3bye/u7R8cFvJHDS1jRWidSC5Vy8eachbSumGG01akKBY+p01/VJ35zSeqNJPho0ki2hV4ELKAEWys9OD2CkW37KZAq8RbkOLdW+n367lzUesVfjp9SWJBQ0M41rrtuZHpjrEyjHA6yXdiTSNMRnhAx2m8CTqzUh8FUtkXGpSqmbmqwonkOE2rsyuw0DoRvl0isBnqZW8m/ue1YxPcdscsjGJDQzLPEMQcGYlmNaA+U5QYnliCiWI2PCJDrDAxtqzMlZEgE9uSt9zJKmlclr3r8lWxcg5z5OAETqEEHtxABe6hBnUgQGEKL/DqTJ1352M+uOYsfhxDBs7nHwwlnT4=</latexit>

0

<latexit sha1_base64="pcR1cI6aKPeU8RKLgYCoKxUlOZc="></latexit>

Ha,c1

<latexit sha1_base64="Git1IAjmrx6f66eiOoL6pvk1mfI="></latexit>

Ha,c2

<latexit sha1_base64="Me9kx2QJLy3AIA2UsZizt5/VhY0=">AAACM3icbVC7TsMwFHV4lneBkcWiAsFSkko8RiQWxqLSgtRU1Y3rFquOHdkOUhXyDfwJW1f4DsRWsTLxAzhpl7YcydLROdfH1yeIONPGdT+dhcWl5ZXVwtr6xubW9k5xd6+hZawIrRPJpXoMQFPOBK0bZjh9jBSFMOD0IejfZP7DM1WaSXFvBhFthdATrMsIGCu1i6eJn4ckNeChFCkm7coZ9l+wH4sOVVlsAqkV0nax5JbdHHieeBNSul6J3mrUGVXbxV+/I0kcUmEIB62bnhuZVgLKMMJpuu7HmkZA+tCjSb5Dio+s1MFdqewRBufq1NyNgoHkkP9LT0dAqPUgDGxICOZJz3qZ+J/XjE33qpUwEcWGCjLeoRtzbCTOCsMdpigxfGAJEMXs8pg8gQJibK1Tr/RDkrXkzXYyTxqVsndRPr+zdR2jMQroAB2iE+ShS3SNblEV1RFBr2iI3tGHM3S+nJHzPR5dcCZ39tEUnJ8/Zn2u2g==</latexit>

c2/kak
<latexit sha1_base64="EdWF1BSjbor+Hpkn7AAh1eOmIEU=">AAACM3icbVC7TsMwFHUKlFJeAUYWiwoES0mQeIyVujAWQR9SU0WO47RWnYdsBykK/Qb+hK0rfAdiq1iZ+AGctEtarmTp6Jzrc+89TsSokIbxqZXW1jfKm5Wt6vbO7t6+fnDYEWHMMWnjkIW85yBBGA1IW1LJSC/iBPkOI11n3Mz07jPhgobBk0wiMvDRMKAexUgqytYvUis3SVsxjxiZQGybl9B6gVYcuIRntimaKGJi6zWjbuQFV4G5ALVGOXp7JNqsZeu/lhvi2CeBxAwJ0TeNSA5SxCXFalLVigWJEB6jIUnzHSbwVFEu9EKuXiBhzhb6mhwlIUP5XaJogXwhEt9RJj6SI7GsZeR/Wj+W3t0gpUEUSxLg+Q5ezKAMYRYYdCknWLJEAYQ5VctDPEIcYaliLUwZ+zhLyVzOZBV0rurmTf36QcV1BuZVAcfgBJwDE9yCBrgHLdAGGLyCKXgHH9pU+9Jm2ve8taQt/hyBQmk/f32Yruc=</latexit>

c1/kak

Figure 8: Three hyperplanes, each orthogonal to a, are shown: Ha,0 which passes through the origin
and Ha,c1 and Ha,c2 which are offset from the origin along the direction of a by c1/‖a‖ and c2/‖a‖,
respectively. In this example c1 and c2 are negative. Note that x lies on the non-origin side of Ha,c1

and the origin side of Ha,c2 . Also shown is the projection onto the one-dimensional subspace with
basis ua.
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In the example of Fig. 5, da(x,Ha,c1) > 0 and da(x,Ha,c2) < 0. In the example of Fig. 8, the same
holds, which illustrates:1

da(Ha,c, x) > 0 ⇐⇒ x is on the non-origin-side of Ha,c (17a)

da(Ha,c, x) < 0 ⇐⇒ x is on the origin-side of Ha,c (17b)

and if this difference is zero, x is in Ha,c.
This signed difference can have subtle properties such as:

da(x,Ha,c)
∆
= Projection coefficient of oa,c on a − Projection coefficient of x on a (18a)

= −da(Ha,c, x) (18b)

This emphasizes the directional nature of da(·, ·). Similarly,

d−a(Ha,c, x) = Projection coefficient of x on (−a) − Projection coefficient of oa,c on (−a) (19a)

= −da(Ha,c, x) (19b)

In many cases, where this interpretation is used, the vector a is fixed. This suggests that the
following shorthand notation

d(Ha,c → x)
∆
= da(Ha,c, x) =

atx− c
‖a‖ (20)

The arrow reminds us that we measure differences in the direction of a. A natural way to read this
is “the difference of x and the offset (or offset hyperplane) in the direction of a.” It follows that

d−a(Ha,c, x) = d(Ha,c ← x) = −da(Ha,c, x) = −d(Ha,c → x) (21)

which can be read as “the difference of the offset (or offset hyperplane) and x in the direction of
−a.”

3 Variable-Coefficient Duality

The hyperplane in the variable x, orthogonal to the coefficient vector a, and offset by c/‖a‖ in
the direction of a is defined in (7). All of the interpretation of this was done in x-space – i.e., we
considered x as the variable and a as a vector constant. Inspecting this definition it is clear that
xta = atx so that the constraining equation of the hyperplane is symmetric in a and x. Thus, we
can consider the hyperplane in the variable a, orthogonal to the coefficient vector x, and offset by
c/‖x‖ in the direction of x

Hx,c = {a : xta = c} = {a : xta− c = 0} a 6= 0 (22)

In some instances, we may find it useful to interpret both Ha,c and Hx,c.

1Here we not that the hyperplane partitions the space M into two regions and we refer to the one of these that
contains the origin as the origin side.
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4 Examples from Machine Learning

During the study of machine learning, we frequently interpret linear models and the associated
learning processes using hyperplanes. This all fits within the formulation described above so care-
fully covering the general case, as done above, allows straightforward application of these results
when the opportunity arises.

4.1 Linear Classifiers and the Decision Boundary

A linear classifier for the two class problem is given by

g(x) = wtx+ w0 =
[
w(+)

]t
x(+)

Γ1
>
<
Γ2

0 (23)

where w(+) is the augmented weight vector that includes w0 and x(+) is the augmented data vector
with first component 1. The decision boundary is when the expression on the left is equal to zero,
which is clearly a hyperplane. This hyperplane can be viewed in terms of the augmented feature
vector variable or the non-augmented feature variable. We consider these next.

4.1.1 In Augmented Feature Space

Considering the decision rule (23) in terms of the variables given by the augmented feature vec-
tor x(+) and the fixed coefficient vector given by the augmented weight vector, w(+), we have a
hyperplane passing through the origin

Hw(+),0 = {x(+) :
[
w(+)

]t
x(+) = 0} w(+) 6= 0 (24)

This is a hyperplane passing through the origin in RD+1. An example is shown in Fig. 9. Note
that here

d(Hw(+),0 → x(+)) = RH⊥
w(+),0

(x(+)) = ‖x(+)‖ cos θx,w(+) (25)

so that the decision rule is[
w(+)

]t
x(+)

Γ1
>
<
Γ2

0 ⇐⇒ cos θx,w(+)

Γ1
>
<
Γ2

0 (26)

Thus, roughly speaking, if x(+) points more in the direction of w(+) than in the direction of −w(+),
it will be classified as coming from class 1.

4.1.2 In Non-Augmented Feature Space

Considering the decision rule (23) in terms of the non-augmented feature vector x ∈ RD, with
coefficients given by the non-augmented weight vector, w, we have a hyperplane in RD offset from
the origin by −w0/‖w‖ in the w direction

Hw,−w0 = {x : wtx = −w0} = {x : wtx+ w0 = 0} w 6= 0 (27)
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<latexit sha1_base64="QyRRkEZs99rtfx0d71aN5C/JO0c=">AAACC3icbVDLTgIxFL2DL8QX6pJNI9G4IjMmPnaSsNAlRnkkQEinU6ChM520HeOE8AlsNX6HO+OWj/A7XLqxDGwGPEmTk3Nu7z05bsiZ0rb9bWXW1jc2t7LbuZ3dvf2D/OFRXYlIElojggvZdLGinAW0ppnmtBlKin2X04Y7rMz8xjOViongScch7fi4H7AeI1gb6fGl63TzRbtkJ0CrxFmQ4u3v3Xth2vSq3fxP2xMk8mmgCcdKtRw71J0RlpoRTse5dqRoiMkQ9+koCThGp0byUE9I8wKNEjU1V5E4FhwneVV6BfaVin3XLPGxHqhlbyb+57Ui3bvpjFgQRpoGZJ6hF3GkBZoVgTwmKdE8NgQTyUx4RAZYYqJNXakrQ5+MTUvOcierpH5Rcq5Klw92sXwGc2ShACdwDg5cQxnuoQo1INCHCbzCmzWxPqxP62s+mrEWf44hBWv6BzPrn0k=</latexit>

x1

<latexit sha1_base64="OatMiAWOhjnEdVF6//yXrmP+tiw=">AAACC3icbVDLTgIxFL2DL8QX6pJNI9G4IjMkPnaSsNAlRnkkQEinU6ChM520HeOE8AlsNX6HO+OWj/A7XLqxDG4GPEmTk3Nu7z05bsiZ0rb9ZWXW1jc2t7LbuZ3dvf2D/OFRQ4lIElonggvZcrGinAW0rpnmtBVKin2X06Y7qs795hOViongUcch7fp4ELA+I1gb6eG5V+7li3bJToBWifNHijc/t2+FWcur9fLfHU+QyKeBJhwr1XbsUHfHWGpGOJ3kOpGiISYjPKDjJOAEnRrJQ30hzQs0StTUXFXiWHCc5FXpFdhXKvZds8THeqiWvbn4n9eOdP+6O2ZBGGkakEWGfsSRFmheBPKYpETz2BBMJDPhERliiYk2daWujHwyMS05y52skka55FyWLu7tYuUMFshCAU7gHBy4ggrcQQ3qQGAAU3iBV2tqvVsf1udiNGP9/TmGFKzZLzWQn0o=</latexit>

x2
<latexit sha1_base64="H6vKHmZhPUYHV96Hp/EzbHcZi88=">AAACJ3icbVDLSsNAFJ20Pmp9VV2KMFgUVyURfCwLXeiygn1AW8pkcluHTiZhZiKWkJVf4cZ9d6K/4N6d6NJv8AdM0m7SemDgcO6dc+89ts+Z0qb5beTyS8srq4W14vrG5tZ2aWe3qbxAUmhQj3uybRMFnAloaKY5tH0JxLU5tOxRLam37kEq5olbPfah55KhYANGiY6lfukg7KYm4ZUEEBHuBsIBmbiFD1HUL5XNipkCLxJrRsrVXDH//vL8VO+XfruORwMXhKacKNWxTF/3QiI1oxyiYjdQ4BM6IkMI07kRPoolBw88GT+hcapm+mqSjD1O0ltU1oK4So1dOzZxib5T87VE/K/WCfTgshcy4QcaBJ3uMAg41h5OQsIOk0A1H8eEUMni5TG9I5JQHUeZmTJyaZKSNZ/JImmeVqzzytlNHNcxmqKA9tEhOkEWukBVdI3qqIEoekQT9IrejInxYXwaX9PWnDH7s4cyMH7+ACNrqsg=</latexit>

x

<latexit sha1_base64="bUKpc6vzPKZJWqvavxGUHtfQRt0=">AAACBXicbVDLSgMxFL3js9ZXdesmWJS6KTOCj52FblxWsA9oS8mkmTY0mQxJRhhKv6ALN/oXbty51b/wO8S96bSbaT0QOJxzc+/h+BFn2rjut7O2vrG5tZ3bye/u7R8cFvJHDS1jRWidSC5Vy8eachbSumGG01akKBY+p01/VJ35zSeqNJPho0ki2hV4ELKAEWys9OD2CkW37KZAq8RbkOLdW+n367lzUesVfjp9SWJBQ0M41rrtuZHpjrEyjHA6yXdiTSNMRnhAx2m8CTqzUh8FUtkXGpSqmbmqwonkOE2rsyuw0DoRvl0isBnqZW8m/ue1YxPcdscsjGJDQzLPEMQcGYlmNaA+U5QYnliCiWI2PCJDrDAxtqzMlZEgE9uSt9zJKmlclr3r8lWxcg5z5OAETqEEHtxABe6hBnUgQGEKL/DqTJ1352M+uOYsfhxDBs7nHwwlnT4=</latexit>

0

<latexit sha1_base64="mTM2n0yeqf+5MGU5VI+s2ZMKXL8="></latexit>

Hw(+),0

<latexit sha1_base64="WoCDy26HMSHJszJ4pvZbBpsWSRo="></latexit>uw(+)

<latexit sha1_base64="lzIZZ0PAzaysSGkk/KlnqKQv+QM="></latexit>

uw(+) axis

<latexit sha1_base64="lzIZZ0PAzaysSGkk/KlnqKQv+QM="></latexit>

uw(+) axis

<latexit sha1_base64="fpclGKj08UhqErHJmw1C3k5gTwA=">AAACHHicbVDJSgNBFOxxjXEb49HLYFAiSpgRXI6BXDxGMAtk402nkzTpWeh+oxmG/EquevQjvIl4E/wO7+JkkksSCxqKqtevq8v2BVdomt/ayura+sZmaiu9vbO7t68fZCrKCyRlZeoJT9ZsUExwl5WRo2A1XzJwbMGq9qA48auPTCruuQ8Y+qzpQM/lXU4BY6mtZxrYZwjtaHjx1Ipy52ejUVvPmnkzgbFMrBnJFvQWfP6+BqW2/tPoeDRwmItUgFJ1y/SxGYFETgUbpRuBYj7QAfRYlCQeGSex1DG6noyPi0aizs0VJYSegOQDan4FOEqFjh0vcQD7atGbiP959QC7t82Iu36AzKXTDN1AGOgZk2aMDpeMoghjAlTyOLxB+yCBYtzf3CsDh05ashY7WSaVy7x1nb+6j+s6JVOkyBE5JjlikRtSIHekRMqEkiEZk2fyoo21N+1d+5iOrmizO4dkDtrXH9khpgk=</latexit>

✓x,w(+)

<latexit sha1_base64="JNO8M0Dou41YWln2xumWGOwC36A="></latexit>

RH?
w(+),0

(x(+))

<latexit sha1_base64="JNO8M0Dou41YWln2xumWGOwC36A="></latexit>

RH?
w(+),0

(x(+))

<latexit sha1_base64="WmFqo9T1/+3jm2uUAzzHmJu9Jbc="></latexit>

x
(+)
H0

<latexit sha1_base64="KopojZNYBZL8qYmJ0JIl7uL6RPM="></latexit>

x
(+)

H?
0

<latexit sha1_base64="h2+gDwI9cy7z4S8moXGRlnzwuNQ=">AAACEHicbVC7TgJBFJ31ifhCLWkmEo0V2TXx0UlCgSUmApsAIXdnB5gws7uZmTXZEH6CzuiH2BkLG//A77C0cVhoFjzJJCfn3Ln35HgRZ0rb9re1tr6xubWd28nv7u0fHBaOjpsqjCWhDRLyULoeKMpZQBuaaU7dSFIQHqctb1Sd+a0nKhULg0edRLQrYBCwPiOgjeR2aiAE9JxeoWSX7RR4lTgLUrr7rT0XP12/3iv8dPyQxIIGmnBQqu3Yke6OQWpGOJ3kO7GiEZARDOg4TTnBZ0bycT+U5gUap2pmriohCTmkoVV2BQilEuGZJQL0UC17M/E/rx3r/m13zIIo1jQg8wz9mGMd4lkb2GeSEs0TQ4BIZsJjMgQJRJvOMldGgkxMS85yJ6ukeVl2rstXD3apco7myKEiOkUXyEE3qILuUR01EEEcTdELerWm1pv1bn3MR9esxZ8TlIH19QfifKFC</latexit>

�1<latexit sha1_base64="PJr9xmbOI05diXBB32/rnqBCqe4=">AAACEHicbVDLTsJAFJ3iC/GFumTTSDSuSEviYycJC1xiItAECLmdTmHCTNvMTE0awk+wM/oh7owLN/6B3+HSjUNhU/Akk5ycc+fek+NGjEplWd9GbmNza3snv1vY2z84PCoen7RlGAtMWjhkoXBckITRgLQUVYw4kSDAXUY67rg+9ztPREgaBo8qiUifwzCgPsWgtOT0GsA5DKqDYtmqWCnMdWIvSfnut/Fc+nS85qD40/NCHHMSKMxAyq5tRao/AaEoZmRa6MWSRIDHMCSTNOXUPNeSZ/qh0C9QZqpm5uoCkpBBGlpmVwCXMuGuXsJBjeSqNxf/87qx8m/7ExpEsSIBXmTwY2aq0Jy3YXpUEKxYoglgQXV4E49AAFa6s8yVMcdT3ZK92sk6aVcr9nXl6sEq1y7QAnlUQmfoEtnoBtXQPWqiFsKIoRl6Qa/GzHgz3o2PxWjOWP45RRkYX3/kIaFD</latexit>

�2

<latexit sha1_base64="h2+gDwI9cy7z4S8moXGRlnzwuNQ=">AAACEHicbVC7TgJBFJ31ifhCLWkmEo0V2TXx0UlCgSUmApsAIXdnB5gws7uZmTXZEH6CzuiH2BkLG//A77C0cVhoFjzJJCfn3Ln35HgRZ0rb9re1tr6xubWd28nv7u0fHBaOjpsqjCWhDRLyULoeKMpZQBuaaU7dSFIQHqctb1Sd+a0nKhULg0edRLQrYBCwPiOgjeR2aiAE9JxeoWSX7RR4lTgLUrr7rT0XP12/3iv8dPyQxIIGmnBQqu3Yke6OQWpGOJ3kO7GiEZARDOg4TTnBZ0bycT+U5gUap2pmriohCTmkoVV2BQilEuGZJQL0UC17M/E/rx3r/m13zIIo1jQg8wz9mGMd4lkb2GeSEs0TQ4BIZsJjMgQJRJvOMldGgkxMS85yJ6ukeVl2rstXD3apco7myKEiOkUXyEE3qILuUR01EEEcTdELerWm1pv1bn3MR9esxZ8TlIH19QfifKFC</latexit>

�1

<latexit sha1_base64="PJr9xmbOI05diXBB32/rnqBCqe4=">AAACEHicbVDLTsJAFJ3iC/GFumTTSDSuSEviYycJC1xiItAECLmdTmHCTNvMTE0awk+wM/oh7owLN/6B3+HSjUNhU/Akk5ycc+fek+NGjEplWd9GbmNza3snv1vY2z84PCoen7RlGAtMWjhkoXBckITRgLQUVYw4kSDAXUY67rg+9ztPREgaBo8qiUifwzCgPsWgtOT0GsA5DKqDYtmqWCnMdWIvSfnut/Fc+nS85qD40/NCHHMSKMxAyq5tRao/AaEoZmRa6MWSRIDHMCSTNOXUPNeSZ/qh0C9QZqpm5uoCkpBBGlpmVwCXMuGuXsJBjeSqNxf/87qx8m/7ExpEsSIBXmTwY2aq0Jy3YXpUEKxYoglgQXV4E49AAFa6s8yVMcdT3ZK92sk6aVcr9nXl6sEq1y7QAnlUQmfoEtnoBtXQPWqiFsKIoRl6Qa/GzHgz3o2PxWjOWP45RRkYX3/kIaFD</latexit>

�2

Figure 9: The decision boundary for a linear classifier in augmented feature space is a hyperplane
orthogonal to w(+) passing through the origin. In this example, cos θx,w(+) > 0, so x(+) lies in Γ1.

This is illustrated in Fig. 10 for M = 2. Note in this case

d(Hw,−w0 → x) = dw(Hw,−w0 , x) = RH⊥w,0
(x)− −w0

‖w‖ =
wtx+ w0

‖w‖ =
g(x)

‖w‖ (28)

The example in Fig. 10 has w0 < 0 and d(Hw,−w0 → x) > 0. This is a value of x that falls in
Γ1. This is consistent with (17) – i.e., d(Hw,−w0 → x) = g(x)/‖w‖ > 0 implies that x is on the
non-origin side of the hyperplane. If we consider the example in Fig. 10, but with w0 > 0, then the
decision boundary will move into quadrants 2 and 3. The condition d(Hw,−w0 → x) = g(x)/‖w‖ > 0
will still correspond to being on the origin-side of the boundary and also in Γ1, according to (17)
and (23), respectively.

4.2 Gradient Descent Learning

A function J(w) that maps a vector2 argument w ∈ RD+1 to a scalar value has gradient defined by

∇wJ(w) =
[

∂J(w)
∂w0

∂J(w)
∂w1

· · · ∂J(w)
∂wD

]t
(29)

To interpret the gradient, consider the dot product with a unit vector u

ut∇wJ(w) =
D∑

m=0

um
∂J(w)

∂wm
(30)

2In the remainder of this document, we use augmented vectors for the weights and features with implicit notation
– i.e., without the (·)(+) explicit notation.
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Figure 10: The decision boundary g(x) = 0 in non-augmented feature space is a hyperplane in x,
orthogonal to w, offset by −w0/‖w‖ in the direction of w. Note that the difference of x in the
direction of w and the decision boundary hyperplane is d(Hw,−w0 → x) = g(x)/‖w‖. This example
is drawn with w0 < 0 and d(Hw,−w0 → x) > 0, so x lies in Γ1.
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which is the directional derivative in the direction of u. The directional derivative is a measure of
the rate of change in J(w) when moving in the direction of u. Specifically, for small ε we have the
approximation

J(w + εu) ≈ J(w) + εut∇wJ(w) (31)

The Cauchy-Schwartz theorem implies that the direction of the maximum rate of change (steep
ascent) is in the direction of the gradient itself and the direction of steepest descent is in the
antipodal direction of the gradient. Specifically, letting θ be the angle between the vectors u and
∇wJ(w)

ut∇wJ(w) = ‖u‖‖∇wJ(w)‖ cos θ = ‖∇wJ(w)‖ cos θ (32)

This is maximized when θ = 0 and minimized when θ = π. It follows that the direction of steepest
ascent, umax, and descent, umin, are

umax =
∇wJ(w)

‖∇wJ(w)‖ umin =
−∇wJ(w)

‖∇wJ(w)‖ (33)

We can use the approximation in (31) to express a first order approximation of J(w) around
a given value of w. Specifically, consider a learning approach where the current value for the
parameter estimate vector is w(i) and it is desired to update this to obtain, hopefully, a value for
w(i+ 1) that has a lower criterion function – i.e., we seek w(i+ 1) with J(w(i+ 1)) < J(w(i)). If
the step w(i+ 1)−w(i) is small, we can use an approximation of J(w) to seek the vector w(i+ 1).
In fact, we can use a first-order approximation of J(w) for this purpose

J(w) ≈ Ĵ1,w(i)(w) = J(w(i)) +
[
∇wJ(w(i))

]t
(w − w(i)) = atw − c (34)

where a = ∇wJ( w(i)) and c = J(w(i))−
[
∇wJ( w(i))

]t
w(i).

Inspecting (34), we see it is closely related to the expression3 for a hyperplane offset from the
origin in (7). In fact, if we consider the surface Ĵ1,w(i)(w) it is a hyperplane in RD+2 and is the
linear approximation to J(w) around the point w(i). For example, if D = 1 so that w = w is a
scalar, then Ĵ1,w(i)(w) is the familiar tangent line to the curve J(w)

Ĵ1,w(i)(w) = J(w(i)) + J̇(w(i))[w − w(i)] (35)

where J̇(w) is the derivative of J(w). This concept is shown in Fig. 11 for one dimensional w.
As a proxy for minimizing J(w), we can take a small step in the direction of −∇wJ(w(i)) from

the current estimate w(i). This is the method of steepest descent or gradient descent (GD)

w(i+ 1) = w(i)− η(i)∇wJ(w(i)) (36)

where η(i) > 0 is the step size or learning rate at iteration i. Note that this is equivalent to

[w(i+ 1)]j = [w(i)]j − η(i)
∂J(w)

∂wj

∣∣∣∣
wj=wj(i)

j = 0, 1, . . . D (37)

or, in word, we update the jth component by the associated partial derivative.

3This is a hyperplane with variable vector [Ĵ1,w(i)(w) wt]t, coefficient vector [ 1 at ]t, and constant c. We plot

Ĵ1,w(i)(w) in (34) analogously to the approach used in Fig. 2.
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J(w)

Figure 11: The first order approximation when w is one dimensional.

Let us consider this gradient descent method for a quadratic criterion function of the form

J(w) =
1

2
wtC w + btw + d (38)

where C is a symmetric matrix. This has gradient

∇wJ(w) = C w + b (39)

Consider the specific example of

C =

[
2 −1
−1 2

]
, b =

[
−1
−2

]
, d = 10 (40)

This is a convex function so that the critical point, w∗, solving ∇wJ(w∗) = 0 minimizes J(w):

w∗ =
1

3

[
8
9

]
(41)

A plot of this surface is shown in Fig. 12a which also shows the contours in the (w0, w1) plane.
The first order approximation at w(i) = 0 is shown in Fig. 12b. From Fig. 12b it is clear that
Ĵ1,w(i)(w) is only a local approximation of the function J(w) around the point of approximation
(i.e., around the origin in this example). The gradient descent algorithm in (36) is certainly
reasonable assuming that ‖η(i)∇wJ(w(i))‖ is small, but using a step value that is too large can
result in an increase in the criterion function. For example, taking a large step down the tangent
plane in Fig. 12b will result in passing the point w∗ and the result will be J(w(i + 1)) > J(w(i)).
With this first order approximation, care must therefore be taken to choose a small enough step
size. Another, more complex, approach is to use a second order approximation of J(w) – i.e., so-
called second-order optimization methods. The contours from Fig. 12a are shown again in Fig. 13
where we have also indicated the direction of steepest descent at a few locations. Notice that the
direction of steepest descent (the negative gradient) is orthogonal to the level-curves. Also, the
norm of the gradient is larger where J(w) is changing more rapidly – i.e., where the contours are
closer together.
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(a) The example criterion function J(w) with
contours and the minimizing value of w shown.
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(b) The first order approximation at w(i) = 0

Figure 12: An example of a quadratic J(w) with the first order approximation.

Figure 13: The direction of steepest descent added to the contour plots for the quadratic criterion
function from Fig. 12. Note that the direction of steepest descent is always orthogonal to the
contour lines of J(w) and the gradient has larger norm in areas where the contours are closer
together.
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4.2.1 Gradient Descent Update in the Perceptron Learning Algorithm

The two-class perceptron classifier criterion function, assuming augmented feature and weight vec-
tors, is

J(w) =
N∑

n=1

Jn(w) (42a)

Jn(w) = −[[znw
txn ≤ 0]]znw

txn = [[znw
txn ≤ 0]]|wtxn| (42b)

where zn = +1 and zn = −1 for class 1 and class 2 values of xn, respectively, and [[·]] is the
indicator function. This loss only penalizes misclassifications and the penalty for a misclassification
is −znwtxn = |wtxn|, since −znwtxn ≤ 0 for an error. Since the criterion function is g(wtxn), the
indicator function indicates on which side of the decision boundary hyperplane, discussed in Section
4.1.1, the point xn lies. The gradient for perceptron loss is

∇wJn(w) = −[[znw
txn ≤ 0]]znxn =


−xn error occurs and xn is from class 1

+xn error occurs and xn is from class 2

0 no classification error for xn

(43)

Consider a gradient descent update with a single point (mini-batch size 1), then we have

w(i+ 1) = w(i) + η(i)[[znw
t(i)xn ≤ 0]]znxn (44)

If we consider the case when the xn is on the decision boundary defined by the current weight
vector w(i), then

Hznxn,0 = znw
txn = 0 (45)

is a hyperplane in the variable w, passing through the origin, with coefficient vector xn. From
(44), this implies that the gradient descent update is always orthogonal to the data vector xn. The
learning processes can thus be viewed in w-space as shown in Fig. 14.

4.2.2 Gradient Descent Update in the LMS Algorithm

For a mean-squared error or L2 loss, the criterion function is again additive across data points with,
once more, xn and w implicitly in augmented form,

Jn(w) = (yn − wtxn)2 (46)

The gradient for each data point is

∇wJn(w) = 2(wtxn − yn)xn (47)

so that a single-point GD update is

w(i+ 1) = w(i)− η(i)(wt(i)xn − yn)xn (48)

where we have absorbed a factor of 2 in the gradient into the learning rate. Note that, as was the
case in perceptron learning, the weight update is a scalar multiple of the current data point xn.
Letting εn = (wtxn − yn), we can consider the condition

εn = xt
nw − yn = 0 (49)
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w1

Figure 14: The learning process for perceptron learning gradient descent with mini-batch size 1.
At each update, the weight vector is updated in the direction of znxn. The vector znxn is a normal
vector of Hznxn,0 which is the current boundary for correct classification. This normal vector is
illustrated nominally as the small vector on each of the hyperplanes so that correct classification
is on the arrow side of the hyperplane. Note that we have assumed that each of the data vectors
xn for n = 1, 2, 3, 4 are misclassified by the current weight-vector – i.e., in practice, there will not
be a weight update for every data vector as some will be correctly classified by the current weight
vector.

which defines a hyperplane in the augmented weight vector space, with coefficient vector xn, which
is offset from the origin by yn/‖w‖ in the direction of xn – i.e., Hxn,yn . For this hyperplane, it
follows that

d(Hxn,−yn → w) =
xt
nw − yn
‖xn‖

=
εn
‖xn‖

(50)

The LMS learning process can be visualized in w-space and it is very similar to the process shown
in Fig. 14. At the ith step in the LMS algorithm, w(i) is updated in the direction4 of εn(i)xn, which
is also the orthogonal direction towards the offset hyperplane Hxn,yn . In other words, the update
is in the direction that is shortest to reach εn = 0. One step of the LMS algorithm is illustrated in
Fig. 15.

4.3 General, Single Point GD for a Linear Model

The expressions in (43) and (47) are similar in that the gradient is a scalar multiple of the data
vector xn. Thus, with a mini-batch size of 1, the GD update is a step in the direction of ±xn. Note
that this will always be the case for a linear model since Jn(w) = f(wtxn) for some scalar function
f(· · · ) and, via the chain rule, we have

∇wJn(w) = ∇wf(wtxn) = ḟ(wtxn)xn (51)

4Here εn(i) is the value of εn computed with w(i).
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0

<latexit sha1_base64="YR8vEDcsfVozwPpfTy2MgJBRmuM="></latexit>

yn/kxnk

<latexit sha1_base64="HgaEZkvwaXejhbQysLmKauJMnjw=">AAACKXicbVDLSsNAFJ3UV62PRl26MFgUVyURfGyEQjcuK9gHNCVMppN26GQmzENaQtz5BX5Gtyr4Ge7UrZ/gD5i03bT1wMDh3NeZ40eUSGXbX0ZuZXVtfSO/Wdja3tktmnv7Dcm1QLiOOOWi5UOJKWG4roiiuBUJDEOf4qY/qGb15gMWknB2r0YR7oSwx0hAEFSp5JlHrmZdLLLxWCdePPRY8uiGPh/GcEhk4pklu2xPYC0TZ0ZKleKN8/7Gn2ue+et2OdIhZgpRKGXbsSPViaFQBFGcFFwtcQTRAPZwPLGfWCep1LUCLtLHlDVR5/qqAo44hZPfyPkVMJRyFPrpkhCqvlysZeJ/tbZWwXUnJizSCjM09RBoailuZTFZXSIwUnSUEogESc1bqA8FRCoNc+7KIERZSs5iJsukcV52LssXd2lcp2CKPDgEx+AMOOAKVMAtqIE6QOAJjMELeDXGxofxaXxPW3PGbOYAzMH4+QMVvKxq</latexit>

uxn
axis

<latexit sha1_base64="hv9egtpNd+Jp2aLSJnl6deq1gzo=">AAACLnicbVDLSsNAFJ34qLW+oi7dDFalIpRE8LEsdKHLivYBbSmT6W07dDIJMxOlhPyAHyPd6ocILkRw5d4fMEm7aeuBgcO5d8699zg+Z0pb1oextLyymlnLruc2Nre2d8zdvZryAkmhSj3uyYZDFHAmoKqZ5tDwJRDX4VB3huWkXn8EqZgnHvTIh7ZL+oL1GCU6ljrmUdhKTcIbCSAiHLYC0QWZ2IVPUVRgZ/Zp1DHzVtFKgReJPSX5UsZ/uQfju9Ixf1tdjwYuCE05UappW75uh0RqRjlEuVagwCd0SPoQpuMjfBxLXdzzZPyExqk601eWZORxkp6kZi2Iq9TIdWITl+iBmq8l4n+1ZqB71+2QCT/QIOhkh17AsfZwkhXuMglU81FMCJUsXh7TAZGE6jjRmSlDlyYp2fOZLJLaedG+LF7cxXGdoAmy6AAdogKy0RUqoVtUQVVE0TMao1f0ZoyNd+PT+Jq0LhnTP/toBsbPH+2frSA=</latexit>

w(i + 1)

<latexit sha1_base64="xAGcgcX2Z0n/HYAvbat+YgsI/7Y=">AAACFnicbVC7TgJBFL2LL8QXakkzkWisyK6Jj0pJKLTERB4JIJmdHWDC7MxmZtZkQ/gPLPVD7Iitrd9haeOy0Cx4kklOzrlz78lxA860se1vK7O2vrG5ld3O7ezu7R/kD4/qWoaK0BqRXKqmizXlTNCaYYbTZqAo9l1OG+6wMvMbL1RpJsWTiQLa8XFfsB4j2MTSc5sGmnEpugLdIrubL9olOwFaJc6CFO9+718L06ZX7eZ/2p4koU+FIRxr3XLswHRGWBlGOB3n2qGmASZD3KejJOsYncaSh3pSxU8YlKipuYrCkeQ4ia7TK7CvdeS78RIfm4Fe9mbif14rNL2bzoiJIDRUkHmGXsiRkWjWCfKYosTwKCaYKBaHR2SAFSYmbi51ZeiTcdySs9zJKqlflJyr0uWjXSyfwRxZKMAJnIMD11CGB6hCDQgomMAbvFsT68OaWp/z0Yy1+HMMKVhffyhlo4A=</latexit>

✏n > 0

<latexit sha1_base64="vTz1lKmi45gXDSA0TRUlU3SfYX8=">AAACJ3icbVDLSgMxFE3qq9bXqOBGhGBRBKHMKD42QqGbLivYB3RKyaSZGprJDElGGEpXrv2QbvVD3IkuXbr2B0yn3UzrhcDhnJtz7z1exJnStv0Fc0vLK6tr+fXCxubW9o61u9dQYSwJrZOQh7LlYUU5E7Sumea0FUmKA4/TpjeoTPTmE5WKheJBJxHtBLgvmM8I1obqWkdu6jGsxTLidIRcGinGjSLQHbK7VtEu2WmhReDMQLEMXw4uq+c/ta716/ZCEgdUaMKxUm3HjnRniKVmxNgX3FjRCJMB7tNhOniETgzVQ34ozRMapWymryJxEnKc3qKyFjhQKgk8YxJg/ajmtQn5n9aOtX/bGTIRxZoKMt3BjznSIZqEhHpMUqJ5YgAmkpnlEXnEEhNtosxMGQRkZFJy5jNZBI2LknNduro3cZ2CaeXBITgGZ8ABN6AMqqAG6oCAZzAGr+ANjuE7/ICf09YcnP3ZB5mC339jY6kO</latexit>

✏n = 0

<latexit sha1_base64="OsrsojyHHjpQcPuDoCoSsLQDSxs="></latexit>

xt
nw(i)/kxnk

<latexit sha1_base64="U20EfrruiOGMZl24NkuIy8+wrw4=">AAACFnicbVC7SgNBFL0bXzG+opZpBoNiFXYFH4VgIIWWEcwDkhhmZyfJkNmZZWZWWEL+I5b6IXbB1tbvsLRxs0mziQcGDufcufdw3IAzbWz728qsrW9sbmW3czu7e/sH+cOjupahIrRGJJeq6WJNORO0ZpjhtBkoin2X04Y7rMz8xgtVmknxZKKAdnzcF6zHCDax9NymgWZciq5At8ju5ot2yU6AVomzIMW73/vXwrTpVbv5n7YnSehTYQjHWrccOzCdEVaGEU7HuXaoaYDJEPfpKMk6Rqex5KGeVPETBiVqaq6icCQ5TqLr9Arsax35brzEx2agl72Z+J/XCk3vpjNiIggNFWSeoRdyZCSadYI8pigxPIoJJorF4REZYIWJiZtLXRn6ZBy35Cx3skrqFyXnqnT5aBfLZzBHFgpwAufgwDWU4QGqUAMCCibwBu/WxPqwptbnfDRjLf4cQwrW1x8lF6N+</latexit>

✏n < 0

Figure 15: One update of the LMS algorithm. Note that, since w(i) is shown on the non-origin side
of Hxn,yn , εn(i) > 0 and the update moves in the direction of −xn which is the direction towards
the hyperplane where εn = 0. Depending on the value of εn(i) and η(i), the next weight vector
w(i + 1) may be on either side of Hxn,yn . In this example, the LMS step places w(i + 1) on the
origin side of this hyperplane.
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where ḟ(v) = df(v)/dv. The learning of any GD algorithm for a linear model follows a similar
geometry to that shown in Figures 14 and 15. Specifically, if a single-point is used to compute
the gradient approximation, the step is in the direction of ±xn. For larger batch sizes (including
the full training set), the gradient is a weighted average of {xn}n∈B where B is the set of points
in the mini-batch used for the iteration. The weighting of these points is a function of the loss
function; in particular the resulting gradient form. For example, in the case of perceptron learning,
the update is simply proportional to

∑
B znxn – i.e., the sum over all the reflected data vectors in

the mini-batch that are misclassified with the current value of w(i). In the MSE case, the weighted
sum is

∑
B εn(i)xn so that data points that have larger error contribute more to the sum. More

generally, referring to (51), the gradient used for the update is

1

|B|
∑
B
ḟ(wtxn)xn (52)
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